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ABSTRACT

Let L be a finite relational language and H(L) denote the class of all countable
structures which are stable and homogeneous for L in the sense of Fraissé. By
convention countable includes finite and any finite structure is stable. A rank
function r: H(L)— w is introduced and also a notion of dimension for
structures in H(L). A canonical way of shrinking structures is defined which
reduces their dimensions. The main result of the paper is that any M € H(L)
can be shrunk to M'€ H(L), M’ C M, such that |M'| is bounded in terms of
r(M), and the isomorphism type of M over M' is uniquely determined by the
dimensions of M. For r < w we deduce that H(L, r), the class of all M € H(L)
with r(M) = r, is the union of a finite number of classes within each of which the
isomorphism type of a structure is completely determined by its dimensions.
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Introduction

Throughout the paper ‘“‘structure” means a countable possibly finite structure
for a relational language containing equality, and “homogeneous™ means that
any isomorphism between finite substructures extends to an automorphism of
the whole structure.

Let the class of stable structures homogeneous for the language L be denoted
H(L), where stable is in the sense of Shelah [12] and finite structures are
automatically stable. If M € H(L) it is easy to see that M is No-stable and that
the Morley rank of M is finite.

Until further notice let L be the language consisting of one binary relation
symbol R. To motivate our work we describe some results about this special
case. The first theorem classifying some homogeneous structures was that of
Gardiner [5] describing finite homogeneous graphs, where ‘“graph” means
symmetric, irreflexive L-structure. If G, H are graphs let G X H be the usual
cartesian product, G[H] be the wreath product obtained by replacing each
vertex of G by a copy of H, and G be the complement of G, i.e. the graph with
the same universe and

R°=G*-(R°U{(g g): g €G}).

Let K, denote the complete graph on n vertices and P denote the graph whose
diagram is a pentagon. Let § denote the class of finite homogeneous graphs.
Gardiner showed that G € § iff G is isomorphic to one of: P, K; x K, K. [K.],
and K.[K.] (1= m, n <w).

The author [6] has extended Gardiner’s work in the following way. Let A
denote the class of finite homogeneous antisymmetric digraphs, i.e. the class of
finite homogeneous irreflexive L-structures satisfying Vx Vy(xRy — — yRx).
Let C, D € A denote the 3-cycle, 4-cycle respectively. There exists HyE A of
cardinality 8 such that M € A iff M is isomorphic to one of: D, H, K, K.[C),
and C[K.] (1 =n < w). Let I denote the class of finite homogeneous irreflexive
L -structures. There are H;, H, €I of cardinalities 8 and 12 respectively such
that M €1 iff either M or M is isomorphic to a digraph having one of the
following forms: H,, H,, S, K.[A], A[K.], C[S], and S[C](1=n<w, SES,
A €A).

At this point we are close to having characterized the finite members of H(L).
Let R denote the class of finite homogeneous reflexive L-structures. The
characterization of R is obtained from that of I by replacing each irreflexive
structure by the corresponding reflexive one. If M € H(L)— (I U R) is finite
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then there exist M, €I and M, € R such that M can be obtained from the
disjoint union M,U M, by adding some edges between M, and M,. The
possibilities for M, and M, are known from above. It remains to analyze the
ways in which M, and M, can be linked in M.

From [9] which characterizes the infinite homogeneous graphs it is clear that
the infinite stable homogeneous graphs are just the obvious limits of finite ones,
ie. Ku[K.], K.[K,] with 1=m, n = and at least one of m,n = w. Also, [3]
yields a general method of reaching the same conclusion. Call M, C M a weakly
homogeneous substructure of M € H(L) if two tuples from M, realize the same
type in M, iff they realize the same type in M. In fact, as the referee observed, if
M € H(L), then M, C M is a weakly homogeneous substructure iff M, € H(L).
If M € H(L) s infinite then M is both Ny-stable and N-categorical. Corollary 7.4
of {3} says that for any Ny-stable, No-categorical structure M and any sentence ¢
there is a finite weakly homogeneous M, C M such that MyE ¢ iff MFE . It
follows easily that not only are the infinite stable graphs the obvious limits of
ones in § but the corresponding results are true for A, I, and R.

There is no doubt that the classification of structures in H(L ) can be pushed to
a conclusion using the method of Gardiner which was also employed in [6]. The
only obstacle is the sheer number of cases to be examined. When the classifica-
tion is complete we expect to have expressed H(L) as the union of a finite
number of easily describable families just as we can write

S ={P}U{K;x K} U{K.[K.]:1=m, n <w}U{K.[K.]:1=m, n <o}

We now drop the convention that L is the language with one binary relation.
Based on our knowledge of that special case we conjecture that for any finite
relational language L the members of H(L) can be classified into a finite
number of easily describable families. In this paper we formulate two precise
versions of this conjecture, 0.2 and 0.3 below, and reduce them to another
conjecture 0.1 about rank.

Since the latter conjecture is easier to state we make a brief digression in order
to formulate it before saying more about the former conjectures. For a structure
M we define the rank of M denoted r(M) to be sup{CR(p,2): p € S(J)} where
CR(p, 1) is the complete rank of Shelah [12, p. 55]. This rank notion is
particularly well-suited to the study of finite structures for which other rank
notions, e.g. that of Morley [10], are too coarse. For M € H(L), r(M) is always
defined and finite. Our conjecture about rank which we do not attempt to prove
is:



72 A. H. LACHLAN Isr. J. Math.

ConeCTURE 0.1.  If L is a finite relational language there exists r < w such that
r(M)<r forall M € H(L).

Shelah and the author have proved 0.1 in the case where L contains at most
unary and binary relation symbols. That proof appears in [8]. More recently the
full conjecture has been confirmed by Cherlin and the author [2]. The latter rests
heavily on the theory of permutation groups and uses the classification of finite
simple groups. Returning to the conjecture concerned with classifying members
of H(L) we introduce a notion of dimension for structures in H(L). The key
concept is that of a nice pair. Let (po(X), d:(X)) be a pair of quantifier-free
formulas of L with x = (x, x;, x2, x3). If M € H(L) we say that ¢ = (¢, 1) is a
nice pair for M if the following five conditions are satisfied:

(i) ¢, ¢, define equivalence relations Eo, E; on the same subset

D={aeM’:MFE ¢ (a,a)} (i<2)

of M? and E, C E,,

(i) F={C/E,:C &€ D/E} is a family of mutually indiscernible sets,

(iii) & is permuted transitively by aut(M),

(iv) for all a € M there is a least subset cl® ({a}) € U & such that |cI* {a})| <
Ny, and for all I € F |cI®*({a}) N I|<|T|/8 and I —cI®({a}) is strongly indiscern-
ible over {a}Ucl®*{ahu (U F)-1),

(v) for all I€% and JC I, J is strongly indiscernible over A, where

A={aeM:d*{ahnT=zru (U F)-1).

When ¢ is a nice pair for M we write dy(¢) = n where n is the common
cardinality of the sets I in %, and we say that M has ¢-dimension n. Otherwise
drn () is undefined and M has no ¢-dimension.

Before explaining the significance of nice pairs we give an illustration which
shows why in general the equivalence relations E,, E, should be on a subset of
M rather than on a subset of M. Let L ={R, P} where R is a binary relation
symbol and P is quaternary. Let S, (1=n =w) be the L-structure whose
restriction to {R} is K, X K,, and such that

P ={(a;:i <4)€ S»:(Vi,j <4)(aR>a; ={i,j} €{{0,1},{2,3}})
& (Aa €S,)(Vi <4)(aR*a.)}.

A diagram of S, is shown in Fig. 1. Two vertices are R-related if they are
distinct and on the same horizontal or vertical line. The vertices labelled aq, a,,
a», a; are a typical quadruple satisfying P.
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a,

a,

a,

as;

Fig. 1.

Obviously P is definable from R. We include P in L to ensure that S, € H(L)
(1=n <w). When L ={R} then only S,, S, S; are homogeneous for L.

We say that {x,y} determines A if x,y €S, are distinct, A is one of the
horizontal or vertical lines of S,, and x, y lie on A. Let X = (xo, X1, X2, X3). Let
do(X) be a quantifier-free formula saying {xo, x1}, {x;, x:} determine lines which
are either the same or parallel, and ¢.(x) be a quantifier-free formula saying
{x0, x:}, {x2, x5} determine the same line. Then ¢ = (¢, ¢:) is a nice pair for S,
B=n=w)

The family = {C/E, : C € D/E} of mutually indiscernible sets defined by ¢
has two members of cardinality n. Intuitively, one member of % consists of the
horizontal lines and the other of the vertical lines. For each a € S,, cl®*({a}) is
the doubleton whose members are the horizontal and vertical lines through a. By
inspection ¢ satisfies all the requirements for a nice pair. Thus ds (¢p)=n
8=n=w).

Returning to the general discussion, the importance of nice pairs is that they
allow us to “shrink” structures. Suppose M € H(L), ¢ is a nice pair for M, and
m < dy(¢). Define M' C M as follows. Let % be as in the definition of nice pair
above. Let BCUF be any subset satisfying |BN(C/E)|=m for all
CE€DJE, and M'C M be the substructure with universe {a € M :cl*({a}) C
B}. We assume m is large enough for M’ to be nonempty. Since % is a family of
mutually indiscernible sets the isomorphism type of M’ depends only on m.
Further M' € H(L) and provided m is not too small we shall have du () = m.
Call the process that generates M’ from M a one-step shrinking of M, and
denote M’ by M (¢, m). We call m the target dimension.

Let ¢, ¢ be nice pairs for M and F,, #; be the corresponding families of
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mutually indiscernible sets. We call ¢o, ¢ equivalent for M if there is
0-definable bijection between U %, and U %,. Clearly, if ¢, ¢, are equivalent
for M then du (o) = du ().

Let ®(M) denote the class of all nice pairs for M and =, be the relation of
equivalence for M on ®(M). ®(M) is essentially finite, because up to logical
equivalence there are only a finite number of quantifier-free formulas ¢ (%) of L
with X = (xo, X1, X2, X3). A one-step shrinking of M to M'= M(¢, m) is called
normal if ®(M')=P(M), =y = =~un, du{(d)=m, and du () = du (¢) for all
¥y € D(M) such that ¢, § are not equivalent.

We say that N&€ H(L) is obtained by shrinking M € H(L) if N can be
obtained from M by a finite sequence of normal one-step shrinkings.

We say that N € H(L) is obtained from M € H(L) by a smooth shrinking if
for every d : ®(M)— w such that dy =d = dy and d&{du, dv} there exists
M’ € H(L) such that dn = d, M’ is obtained by shrinking M, and N is obtained
by shrinking M'.

It turns out that one-step shrinkings are normal provided the target dimension
is large enough compared with the Godel number of L. Also a shrinking will be
smooth provided the target dimension in each one-step shrinking that is part of it
is large enough compared with the Gddel number of L.

Above we conjectured that the members of H(L) can be classified into a finite
number of easily describable families. A precise version of that conjecture is

CoNJECTURE 0.2. If L is a finite relational language there exists s < w such
that for every M € H(L) there exists M' € H(L) such that |M'| < s and either
M' =M, or

(i) M’ is obtained from M by a smooth shrinking, and

(i) if N€ H(L), dv = du, and M’ is obtained by shrinking N, then there is an
isomorphism a : M — N such that M’ C fix(a).

We could have proceeded in a simpler fashion by defining a shrinking to be
any sequence of one-step shrinkings and conjecturing that every M € H(L) can
be shrunk to M' € H(L ) of bounded cardinality such that the isomorphism type
of M over M’ can be recovered from (M’, dun). We prefer the version of 0.2
given because at the end of the paper we shall be able to see that it is equivalent
to 0.1. The simpler alternative is implied by 0.1 but we are not sure whether it is
equivalent.

Another conjecture which turns out to be equivalent to 0.1 is

CoNJECTURE 0.3. If L is a finite relational language there exists a finite
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subclass H, C H(L) such that every M € H(L) is isomorphic either to a member of
H; or to a structure obtained by shrinking a member of H,.

0.3 implies 0.1 because r(M) never increases when we shrink M.

Let H(L,r) denote {M € H(L): r(M) = r}. The main results of the paper are
that 0.2 and 0.3 are true if for H(L) we substitute H(L,r) where r < o is
arbitrary. These results are Theorems 15.1 and 15.3. It follows immediately that
0.1 implies 0.2 and 0.3 because if 0.1 holds then H(L)= H(L, r) for some r <
depending on L. It was noted above that 0.3 implies 0.1. In §15 we shall show
that 0.2 also implies 0.1. The main observation needed for this is 15.2 which says
that, if {M, : i < w) is a chain in H(L) such that M, is obtained from M,,, by a
one-step shrinking for each i < w, then U{M, :i <w}€ H(L).

The rest of the paper is organized into two chapters. The first chapter contains
the elements of stability theory for the homogeneous structures we are con-
cerned with. We find it convenient to throw away the language and to look at the
corresponding permutation groups instead of at relational structures. This
approach is explained in §2. Whenever we need it the language can be
recovered. We define a (M) the arity of the structure, i.e. the least n < w such
that M is homogeneous for some language all of whose relations have arity = n.
We define /(M) to be the Gédel number of the canonical language for M, i.e. the
language whose i-ary relation symbols are in one-one correspondence with the
i-types in M for all i=a(M). We also define a notion of homogeneous
substructure which is stronger than the notion used in [3].

In §3 we mention some standard results about prime models which will be
useful.

In §4 we consider a rank R(A, A, 2) adapted from [12, p. 21} where A C M*,
M* being an extension by definitions of M, and A is a set of formulas. We show
that R(A, A,2) can be bounded in terms of {(M), r(M), the complexity of A, and
the complexity of A. We also prove that for k < w, r(M"*) can be bounded in
terms of [(M), r(M), and k. This means that results proved for M automatically
carry over to cartesian powers.

In §5 we consider the effect on M of naming an element in M*. Again M* is
an extension by definitions of M so that any particular element of M* can be
seen as an equivalence class of a O-definable equivalence relation E with
fid(E)C M* for some k < w. Let M' be obtained from M by naming a single
E-class. It will be shown that (M) and r(M’) can be bounded in terms of /(M),
r(M), and k.

In §6 we quote a result of Shelah bounding the number of types over a finite
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set. This is applied in §7 where we develop the theory of indiscernible sets and
also in §8 where we show that if H C M € H(L) is strongly minimal then H is
disintegrated in the sense of Zilber [14]. That completes Chapter I.

In Chapter 1I we develop the theory of H(L, r) where H(L, r)is the class of all
stable M homogeneous for the finite relational language L such that r(M)=r
and r < w. Let H denote the union of all the classes H(L,r).

In §9 we quote the Coordinatization Theorem from [3, 3.1]. Applying the
Compactness Theorem we obtain what we call the Trichotomy Theorem (9.4): if
M € H and N is a transitive quotient structure of M then either | N| is small
compared with (M) and r(M), or there is a nontrivial equivalence relation
0-definable on N, or N is perfect. The notions of quotient structure and perfect
structure will be defined later; “transitive” means there is only one 1-type over.
. A good example of a perfect structure is S, defined above.

One of the notions defined in §7 is that of the closure cl'(A) of a finite set
A C M in an indiscernible set I; this is the least J C I if any such that J is finite,
2|J|<|I|, and I —J is indiscernible over J U A. In §10 we prove the following
result about indiscernible sets. If M € H, I C M* is a 0-definable indiscernible
set in an extension by definitions of M, J C I,

A={aeM:Ind {a}) =},
and |I| is large enough compared with (M), r(M), and [I] then J is strongly
indiscernible over A. Here [I] denotes the length of a tuple from M representing
a member of L

In §11 we introduce the notion of nice family of indiscernible sets. Using the
notation from the discussion of nice pairs above a typical example of a nice
family is & ={C/E,: C € D/E,} associated with a nice pair ¢ ={¢o, ¢1). If
M € H and M is large compared with (M) and r(M) then M can be analysed in
terms of a sequence of nice families the length of the sequence being bounded in
terms of [(M).

In §12 we discuss shrinking a structure with respect to a nice family of
indiscernible sets. The nice families are essentially equivalent to the nice pairs of
formulas mentioned above. In §13 and §14 we show that under suitable
conditions the shrinking process is uniquely reversible, i.e. knowing the dimen-
sions of the original structure we can recover the original structure from the
shrunken one.

Finally in §15 we draw together the results from §11-§14 and prove the main
results of the paper already mentioned above.

I would like to thank Jim Loveys for his careful reading of the original
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typescript, Gregory Cherlin for suggesting use of the Compactness Theorem in
§8, and also the Institute for Advanced Studies of the Hebrew University of
Jerusalem, where I was a Fellow while most of this work was done.

I owe a considerable debt to the referee who suggested many improvements in
the exposition. The referee’s influence is greatest in §7. The present proof of 7.1
was suggested by the referee, who also made a substantial improvement to 7.3.

CHAPTER I — PRELIMINARIES

1. Notation and terminology

Relational structures will usually be denoted by M, N possibly with subscripts
and superscripts. We shall not distinguish notationally between a structure and
its universe. We use | M | to denote the cardinality of M and L (M) to denote the
language of M.

For k <w let M* denote the structure with universe M* whose given
relations are all those relations on M* which are O-definable (i.e. definable
without parameters) in M. Note that M can be identified with the diagonal of M*
if we wish. If M is homogeneous for some finite language, then so is M*.

An extension by definitions of M is a structure obtained as follows. Let k < w
and & be a O-definable equivalence relation with fid(%)C M*. Let M* be the
structure with universe MU (M* /&), let the relation symbols of M have the
same interpretation in M™ as in M, and let M* have a new (k + 1)-ary relation
symbol R whose interpretation is

{(ao,. vy i1, b>:ao,. vey Qi1 EM, b =(a0,. .. ,ak..l)/E}.

This process of adjoining new elements can be repeated a finite number of times.
If | M| > 1, any structure obtained in a finite number of steps will be a 0-definable
substructure of one obtained in one step and M may be held fixed. Thus where it
is convenient we can always suppose that an extension by definitions is a
one-step one.

Throughout the paper M* denotes an extension by definitions of M which is
sufficiently comprehensive to contain all the imaginary elements of M (see [12,
I1I, §6]) that we need in the particular context.

By an M“-formula we mean a formula ¢(%;y) in the language of M with
% ={xo,...,X_1), where xo,...,%—; are the first k variables. A set A of
M*-formulas is a basis for the M* - formulas if every M*-formula ¢(%; Z) can be
expressed as a boolean combination of formulas ¢(x;Z) each of which is
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obtained from some ¢ (X ; y) € A by substituting a member of Z for each member
of y.

By a *-formula we mean one of the form ¢(x; ¥) where x runs through M*
and the variables y are restricted to M.

If A is a finite set of M*-formulas (k < w) or *-formulas ¢ (%; 7), [A] denotes
sup{l{(y): ¢(x; y) € A}, the maximum number of parameters.

If a € M*, then [a] denotes the complexity of a in M* which is defined to be
the least k < w such that for some *-formula ¢ (x; y) with [(¥) = k there exists
b € M such that a is the unique solution in M* of ¢(x;b).

For A C M*, [A] denotes the complexity of A, i.e. the least kK < w such that
for some 0O-definable equivalence relation E with ld(E)C M * there is a *-
formula ¢(x;y) defining a bijection between A and some subset of M*/E.

Let C, C(L) denote the classes of all structures, L-structures respectively,
which are either finite or No-categorical. Let H denote the class of all structures
which are either finite or stable, and homogeneous for some finite language.

When M € H, by a basic subset of M* we mean one defined by an atomic
formula. or by the negation of an atomic formula of L(M).

If ¢(X; 7)is an M*-formula and b € M, then ¢(M; b) denotes the solution set
of ¢(%;b)in M* If ¢(x;¥)is a *-formula and b € M then both ¢(M; b) and
&(M*;b) denote the solution set of ¢(x;b) in M*. We use the notation
¢ (M*; b) if we wish to emphasise that the set may not be a subset of any M*,
k<o

If k<w and A CM* let s (A) denote the set of all complete k-types of M
over A. If A is finite then so is si (A ) and we let Si (A) denote the set of solution
sets in M* of the types in s, (A ). We shall speak Icosely of elements of Sy (A ) as
types but will denote them by capital letters to distinguish them from elements of
s (A). By s*(A) we denote the set of 1-types of M* over A. If A is finite, then
$*(A) denotes the set of solution sets in M * of the types in s *(A). Types are to
be complete unless the context requires otherwise. However, in §4 this conven-
tion will be suspended.

If ¢(%;y)is a formula and B C M then by a B-instance of ¢(X;y) we mean
&(%;b) where b € B. A subset of M* (k <w) or M* is B-definable if it is
definable by a B-instance of some formula. The subset is n-definable if it is
B-definable, for some B CM with |B|=n. In particular, the subset is 0-
definable if it is definable without parameters.

By €(M*) we denote the set of all equivalence relations E C M* x M* which
are O-definable in M; similarly €(M*) denotes the set of all (O-definable
equivalence relations E with fld(E) C M*.
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By aut(M) we denote the automorphism group of M. If « € aut(M) we regard
a as being automatically extended to M* in the obvious way. If A, B C M*,
then by auty (A, B) we denote {m Eperm(A):(Ja CautM))[r=alA &
B C fix(a)]}. For any mapping « by fix(a) we mean {ad Edom(a): a(a) = a}.

Let M, N be structures for the relational language L with M C N. WecallM a
full substructure of N if for all k, 1 =k <w, and O-definable R C N* the
restriction R | M* is O-definable in M. Thus, if N € H(L), any substructure of N
is a full substructure of N. We call M a weakly homogeneous substructure of N if
for any @, b € M, tpym (@) = tpm (b) if and only if tpy (@) = tpx (). We call M a
homogeneous substructure of N if it is full and if for all 4, b EM with
tpn (@) =tpn (b) there exists a € aut(N) such that a(@)=» and a(M)=M.
Notice that for substructures homogeneous implies weakly homogeneous. Also
if M C N is weakly homogeneous and M € C then M is a full substructure of N.
For each notion of substructure we have the corresponding notion of extension,
e.g. ND M is called a homogeneous extension of M if M is a homogeneous
substructure of N.

Let L be a finite relational language and M, N be L-structures which are
homogeneous for L. If M C N, then M is a weakly homogeneous substructure of
N. Also if Mo C M, C...Is any chain of L-structures each homogeneous for L,
then M = U{M, : i < w} is also homogeneous for L.

Some further notations, notably a(M), (M), I(L), and (M, A) for A C M*
will be explained in the next section. The rank r(M) of a structure will be defined
in §4. The notion of quotient structure is defined at the end of the next section as
is the notion of transitiveness of structures.

2. Permutational structures

A permutational structure is a pair (M, G) where M# & and G C perm(M),
where by this notation we mean that G is a subgroup of perm(M), the symmetric
group on the universe M. Two permutational structures (M;, G) (i <2) are
isomorphic if there is a bijection a : My— M, such that & ' mar € G, if and only if
T € G, (m € perm(M,)). Just as for relational structures we shall use the same
symbol M to denote a permutational structure and its universe.

There is a natural map M » (M, aut(M)) of the class of relational structures
onto the class of permutational structures. Even when we restrict consideration
to H(L) for L a finite relational language this natural mapping is not one-one,
e.g. the graphs K, [K.], K.[K.] are distinct relational structures but yield the
same permutational structure. However, there exists n, < w such that at most n,
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structures in H(L) give rise to the same permutational structure. For example,
when L has just one binary relation symbol apart from equality we can take
n, =2°-41

If M is a relational structure, then by L (M) we mean the given language of the
structure. If M is a permutational structure, then by L(M) we mean the
language obtained as follows. For each n < w and each orbit P of n-tuples take
an n-ary relation symbol R, whose interpretation on M is to be P. Let L; (M) be
the language consisting of all the Rp of finite arity =i, where i = w. Let a(M)
the arity of M be the least j = w such that foralli < w and R € L;(M) there is a
quantifier-free formula ¢ of L;(M) such that

M = VX() e in_1[R (xo, N x,-,,)<——> ¢]

Let L(M) denote L,(M). We call L(M) the canonical language of the
permutational structure M.

The arity of a relational structure M is defined to be the arity of the
corresponding permutational structure and is also denoted a (M). The canonical
language of a relational structure M denoted L°(M) is defined to be the
canonical language of the corresponding permutational structure. Note that, if M
is a relational structure, then L (M) is definable in L (M) iff M is atomic, i.e. for
n < e every n-type p over J realized in M is isolated.

Let P denote the class of all relational structures M such that each of L(M)
and L°(M) is definable in the other. Clearly C C P. Let S denote the successor
relation on the integers Z and also on w. The structure (Z, S) € P — C and (w, S)
is atomic but not in P. Let P(L) denote the intersection of P with the class of
L -structures.

In this paper we are concerned almost exclusively with structures in P and so
there is almost no need to distinguish between relational structures and the
corresponding permutational ones. Thus where is it convenient we shall forget
the distinction. This has two advantages. It eliminates trivial differences such as
that between K.[K.] and K, [K.], and it makes it easier to define certain
structures. For example, suppose M € C, n < w, E; and E, € €(M"), fld(Eo) =
fid(E,), E: C Eo, and C € M"/E,. We wish to regard C/E, as a structure. We let
C/E, also denote the permutational structure (C/E:,G), where G C
perm(C/E,) is the group of all permutations of C/E, which are induced by
automorphisms of M. We can endow C/E, with its canonical language thus
obtaining a relational structure, also denoted C/E,, in C. Similarly, if M € C
and A C M* is finite, the structure (M, A) is defined to be (M, G) where

G ={a €aut(M): A Cfix(a)}.
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Recall that H consists of all stable structures M € C with a(M) < w. For
M€ H let (M) denote the Godel number of (a(M),ni,..., R.m), where
n, =|s ()| is the number of orbits of i-tuples. Thus /(M) is the Godel number
of the canonical language of M. If L is a finite relational language let /(L) be a
number computed effectively from L such that {((L)> [(M)forall M € H(L).

In keeping with the terminology of permutation groups we say that M is
transitive if for any a,b € M there exists a € aut(M) such that a(a)=b. In
writing “aut(M)” we are thinking of M as a relational structure. If M is given as
(M, G) with G C perm(M), then we write “‘aut(M)” meaning G.

Let M € C. A quotient structure of M is any one of the form C/E, where E,,
E, € (M), E,C E,;, and C € M/E,. We have specified the structure to be that
conferred by the group of permutations of C/E, induced by automorphisms of
M. Of course, there is no difficulty in defining the notion of quotient structure of
M for arbitrary structures M. One can take as given relations all those relations
on C/E, which are {C}-definable in M*.

3. Prime models

At certain points in the paper we shall have a use for the notion of prime
model. By convention all structures are countable and so there is no difference
between prime models and atomic ones. We now list some basic results. The first
two are due to Vaught [13] and the third to Morley [10].

Lemma 3.1. If M is prime and A C M is finite, then M is prime over A.

Lemma 32. If A CM, and M, is prime over A for i <2, then there is an
isomorphism a : My— M, with A Cfix(a).

Lemma 3.3. If M is prime and No-stable and A C M is B-definable for some
finite B C A, then M is prime over A.

An easy consequence of 3.2 and 3.3 is

LEmMA 3.4. If M is prime and No-stable, A C M is B-definable for some finite
B CA, and m €Eperm(A) is an elementary map, then 7 can be extended to
a € aut(M).

In particular, any automorphism of a 0-definable full substructure of M can be
extended to an automorphism. The next lemma shows that when A is indiscern-
ible definability is enough.

LemMMA 3.5. Let M be prime and Ng-stable and A CM be a definable
indiscernible set. Any 7w € perm(A) can be extended to a € aut(M).
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ProoF. The case in which A is finite is trivial. Thus suppose A is infinite.
The idea of the proof is as follows. We shall find finite B C A and B-definable
A’D A — B such that A’ is indiscernible in M’ =4 (M, B). Applying 3.4 to M’
and A’, each a € perm(A) with B C fix(a) can be extended to 8 €aut(M')C
aut(M). Since A is indiscernible, any subset of A of cardinality | B | will do for B.
Each y € perm(A) can be written as aoa, where [fix(a;)|=|B|. Since ay, @
both extend to automorphisms of M so does y.

Now we see how to find B and A’. Suppose that in some N > M there exist d
and a formula @(x;a) such that A Ny(M;d) and A —¢(M;d) are both
infinite. Then | s.a)(A)| = 2", which contradicts the stability of M. Therefore A
is strongly minimal. By normalization [6, §4] there are a formula ¢(x;y) and
b €M such that the symmetric difference of A and ¢(M;b) is finite and
for any b' € M either d(M;by=d(M;b) or AN(M;b) is finite. By the
Compactness Theorem there exists n<w such that |[AN@M;b)|<n
whenever A N ¢(M;b') is finite. We conclude that ¢ and b can be chosen so
that b € A. Let B =rng(b).

Since every a € A — B realizes the same type p over B, $(M;h)D2A—B.
Let A'={a €M :tp(a | b)=p} and M’ = (M, B). Let |A'— A | be denoted m,
which is finite since A — B C A'C ¢(M; b). Clearly A’ is a 0-definable strongly
minimal subset of M’ and A — B is an independent subset of A’ since it is
infinite and indiscernible. (An infinite subset of a 0-definable strongly minimal
set is independent iff it is indiscernible.) Towards a contradiction suppose A’ is
not independent in M'. There exists finite C C A’ such that A’ Nacly (C)Z C
and C is independent. Choose C: C A — B (0 =i = m) pairwise disjoint such
that |G |=]|C|, then the sets A’Naclw(C) are pairwise disjoint by the
independence of A — B. Hence for some i, 0=i=m,

(A’ Nacu(C)) - C)NAZD.

This contradicts the independence of A. Therefore A’ is indiscernible and the
proof is complete.

4. Rank

Throughout this section M is an arbitrary member of H. Let k <w, A C M,
and p € s (A). We define r(p) € w by defining when r(p) = n simultaneously
for all A and p by induction on n: (i) r(p) =0, (ii) r(p) = n + 1 if there exist B
and distinct po, p1 € sc (B) such that A CB CM, r(p))Zn, and p; D p for i <2.
Then r(p) is the complete rank CR(p,2) of Shelah [12, p. 55]. Define r(M*) =
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sup{r(p): p € s (D)}. We call r(M) the rank of the structure M. This is the main
notion of rank used in the paper.

On several occasions we use the Morley rank of a structure by which we mean
the Morley rank of its universe. Notice that the Morley rank of M is always
=r(M).

Another kind of rank is defined as follows. Let A C M* and A be a finite set of
*-formulas. (Recall that a *-formula is one of the form ¢ (x;y) where x runs
through M* and the y’s run through M.) We define R(A,A,2) by defining
inductively when R(A,A.2)= n. Firstly, R(A,A.2)=0 if A#J. Secondly,
R(A,A,2)= n +1 if there exists B C M* defined by an instance of a formula in
A such that R(A N B,A,2) and R(A — B, A,2) are both = n. This is essentially
the definition of [12, p. 21]. We shall also use the analogous notion R(A,A,2),
where A C M* and A is a finite set of M*-formulas.

In [12, II, 2.2] it is shown that for a stable structure M we cannot have
R(A,A,2)= n forall n < o. Therefore R(A, A, 2) is always a natural number.

Recall that an M*-formula is one of the form ¢ (x; y) where £ = (xy, ..., X 1)
and that a set A={¢(%;y):i <m} of M“-formulas is a basis if every
M*-formula ¢(%;7) can be expressed as a Boolean combination of formulas
W (x; y) each of which is obtained from some ¢; (x; y;) by substituting a member
of y for each member of y..

The following is straightforward so we omit the proof.

LemMa 4.1. Let k <w and A be a finite basis for the M“-formulas, then
r(M*)= R(M* A,2).

This shows that r(M*) is a natural number, i.e. we cannot have r(M*)= n for
all n < w. There certainly is a finite basis for the M*-formulas because we are
supposing that M € H.

This section is devoted to proving that r(M*) can be bounded in terms of
[(M), r(M), and k, and that R (A, A,2) can be bounded in terms of [(M), r(M),
[A], and [A]=sup{i(): $(%; ) € A}.

We first prove some facts about finite binary trees which we call trees for
short. By *"2 we mean the set of all strings of 0’s and 1’s of length = n. There is a
unique empty string. For strings 7, { we write n C ¢ if { extends 7. A tree
T =(T, <) is a finite partial ordering isomorphic to (*"2, C) for some n < w; n
is called the height of the tree and is denoted h(T).

A subset of A C T is closed if

xeT,yeA andx<y)—>x €EA.



84 A. H. LACHLAN Isr. J. Math.

A tree T is a tree of types if, for some k < w, T is a set of consistent k-types
over subsets of M, < is C, and if p,q € T are =-incomparable then p U g is
inconsistent. If p is a k-type and T is a tree of k-types, we say T is consistent
with p if p Uq is consistent for all q in T.

In this section we are dropping our convention that types are complete except
when the content requires otherwise. Thus the types just referred to may be
incomplete.

LEmMA 4.2, There exists F:w’— w such that, if A,..., A, are closed
subsets of the universe of a tree T with \U{A, :i <m}=T and h(T)z F(m, n),
then there exists T' C T such that h(T')=n and T' C A, for some i <m.

Proor. It is sufficient to treat the case m = 2 because for m >2 the result
follows by induction. Let h(T)= k. Without loss of generality |A,|=2". We
shall show that if k is large enough then there is a subtree T'C T with h(T')=n
and T'C Ay. For t € T let

i(H=|{a €At <al}l.

Let t, , be the root of T. Suppose n € ~"2 and that ¢, has been found in A,. If
possible choose < -incomparable t,0, t,nn > t, in Ay so as to maximize

jom) = min{i (¢ o), it}

Note that t,~w, .~ certainly can be chosen if i(t,)>k +1. We can find
tv=t,, ttt, ... t—i, ti- € T such that f_,, &', are <-maximal, and i({)=
i(t+1) and f., t/,, are the immediate successors of ¢, for all j <! —1. For every
t > t, there exists i <[ such that either t =% or i >0 and ¢ > ;. Hence

it)=-D-jm+I=k-jn)+(k+1)
Thus j(n)= Gu(i(t,)) where
G (u):u—(k+1)
k k .

Let G{’ be the j-th iterate of Gi. Given n choose k large enough such that
G{¢ "(2*)>k +1. By induction on m for m <n, if I(n)=m, then i(t,)=
G(2*)> k +1and t,nw, .o are defined. Letting T’ be the subtree of T with
universe {t, : m € "2} we are done.

LEMMA 4.3. There is a function F : w*— o such that, if T is a tree of k-types
over subsets of M, A CM, |A|<w, and h(T)> F(k, (M), n,|A|), then there
exist p € s (A) and T'C T such that h(T')Z n and T’ is consistent with p.



Vol. 49, 1984 COUNTABLE STABLE STRUCTURES 85

Proor. Let sy (A)={p;:i<m}and A; ={q € T: p: U g 1s consistent}. Then
the A, are closed and cover T. Also, m can be bounded in terms of k, [(M), and
[A]. The conclusion now follows immediately from 4.2.

LEMMA 4.4. There exists G : w'— w such that, if m >0 and T is a tree of
k-types over subsets of M, such that for any incomparable p,q € T there exists
B C M with |B|=mand (p U q)! B inconsistent, and h(T)> G(k, (M), m, n),
then there exist AiCM (i =n) and types p, € s (Aim) (n €E="2) such that
ACA.(<n)andp,Cp iff nC¢ (m{E™"2).

PrOOF. We describe how to choose A; and p,, and then verify that the
method works whenever h(T) is sufficiently large. Let A,=(. Choose
{p. »T; ;) suchthat p. ,Es(D)and T, ,is a subtree of T consistent with
pc > so as to maximize h(T, ,)= ho. Let { <n and suppose that A; C M,
Pn € 5:c(A)), and a subtree T, C T have been chosen for all n €'2 such that
A, |<m -2 T, is consistent with p, and h(T,) = h,. For n €'2let g%, g, be the
two immediate successors of the root of T,, and B, C M be chosen according to
the hypothesis such that | B, | = m and (g5 U q;)lB,, is inconsistent. Let A,., =
A, UU{B, : 7 €2} then certainly | A;,,| < m - 2""". Now choose {(p,. T,) simul-
taneously for all n €“""2 such that for all n €'2 and j <2, p., € sk (Aini),
Py 2P Ugqh, T, is a subtree of T, consistent with p,r, and
h(T ,n;) = h.:. The choice is made so as to maximize h,., the common height of
the trees T,,. The procedure is clearly successful unless A, =0 for some i < n.
Let T’, be the tree of k-types with universe {p Up,:p € T,, q,Cp} then
h(T,)+1=h(T,)= h,. Let F = 0" — o be the function of 4.3 which may be
supposed increasing in each argument. Applying 4.3 to T we have

h(TY=F(k,I(M), hy+ 1.0)

by maximality of h,, and applying 4.3 simultaneously to all T, (n €2, j <2) for
i =n we have

h—1<F(k, I(M), hioi+1,m-2""")

by maximality of k.. Thus if h; =0 for some i < n then h(T) can be bounded in
terms of k, [(M), m, and n. This completes the proof.
We now come to one of the main results of this section.

LEMMA 4.5. There exists F : @’ — o such that r(M*)= F(I(M), r(M), k) for
all k < w.

Proor. It suffices to show that for fixed k, I(M) if r(M") is very large so is
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r(M). We proceed by induction on k. Suppose r(M"* ") is very largé, then there is
a tree T of (k + 1)-types over subsets of M such that h(T) is very large and for
any incomparable p,q € T there exists A C M with |A |<a(M)and (p U q) l A
inconsistent. From 4.4, since h(T) is very large there exist very large n, A; C M
(i =n’) and p, € sci(Aimy) (n €="2) such that p, Cp; iff n C¢ (m, { E72).
Let p, be the 1-type of the first component of any (k + 1)-tuple realizing p,.
There are two cases.

Case 1. There exist 7 €"""2 and q such that p,=q for all { € """,
{ D n. Let a realize q. For each { € "2 choose by, ..., b, such that (a, b,..., b,)
realizes p,~, and let

g =tp(bi, ..., b ; Aiarpy U{al).
Now {g; : { € "2} is the universe of a tree of types witnessing that r(M*) = n.

Case 2. Otherwise. Then there is an embedding ¢ : {¥"2, C}—{¥""2, C}
such that I(g({))=n-1({) and ¢ » pJ,) is one-to-one. The tree of types with
universe {pl;: { €="2} witnesses that r(M) = n, so we are done.

We next show that A-rank can be bounded in terms of r(M).

LeEmMMA 4.6. There is a function F: w*— w such that if A is a finite set of
*_formulas and A C M* then

R(AA2)=F(I(M), r(M),[A],[AD.

ProOOF. Let [A]= k. By definition of [A] there exists E € €(M*) such that
there is a O-definable bijection between A and some subset of M*/E. In the
present context this allows us to assume that A C M* and that A is a finite set of
M*-formulas. Let x =(xo,...,X%1). If R(A,A,2)=j we can find a tree T of
k-types such that h(T)=j and for any incomparable p,q €T there is a
A-instance ¢ (% ; b) such that one of ¢ (%;b), = ¢ (X; b)is in p and the other in gq.
Note that [(b)=[A]. Let G:0'—>w be the function of 4.4. If j>
G(k, (M), [A], n) we have the conclusion of 4.4 which implies r(M") = n. Since
r(M*) can be bounded in terms of k, [{M), and r(M) by 4.5, R(A, A,2) can be
bounded in terms of k, [(M), r(M), and [A] which is what had to be proved.

5. Naming elements of M*

In this section we show that if M € H and b € M* then M' = (M,{b)EH
and moreover (M) and r(M’) can be bounded in terms of [(M), r(M), and [b].
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LEMMA 5.1. There is a function F:w'— w such that for every b € M*,
a(M,{b})= F(I(M), r(M),[b]).

Proor. Since I(M™) and r(M™) can both be bounded in terms of (M) and
r(M) it is sufficient to consider the case [b]=1. Let b € M/E where E € €(M)
and A be a basis for the M-formulas such that [A] <a(M). Let R(b,A,2)=k
where b is seen as a subset of M. By 4.6 k can be bounded in terms of /(M) and
r(M). Let B C M and ¢(x; b) be a conjunction of B-instances of formulas in A
and of negations of such B-instances such that b N (M b)# & and for every
B-instance ¢(x;b") of a formula in A

SM;BYNbNY(M;b)=D or ¢(M;b)DbNY(M;b).

From the definition of A-rank (x; b) can be found with = k conjuncts. Hence
I(b) = k - [A]. Notice that every ¢ € b N (M b) realizes the same type, p say,
in s5,(B). Let (M, {b}) be denoted M’ and T be the set of all M'-formulas of the
forms

¢M;3)NbNO6M;y)=0,  $(M;y)2bN6O(M;y)

where ¢(x;y')E€Aand 8(x; y)isan M-formula with [(y) = k - [A]. Let © be the
set of all true sentences which are B-instances of formulas in TUA. In
particular, for each B-instance ¢ (x; b") of a formula in A, one of the formulas

HM;BNNbNY(M;b)=D,  H(M;6)Db Ny (M;b)

belongs to @. For any ¢ €bNy(M;b), ® implies one of ¢(c;b’) and
=1 ¢(c;b"), which one does not depend on c. Thus @ implies that there exists
¢ € b such that tp(c; B) =p, i.e. I fixes tp(B) in M'. But B C M was arbitrary
whence a(M’')= (k +1)-[A] can be bounded in terms of (M), r(M).

LemMa 5.2. There is a function F:w’— w such that if b€ M* and M' =
(M, {b}) then I(M"), r(M")= F(I(M), r(M),[b]).

Proof. From the previous lemma a(M’) can be bounded in terms of /(M),
r(M), [b]. Further, for each i the number of i-types over J in M’ can be
bounded in terms of /(M) and [b]. Therefore I(M’) can be bounded in terms of
[(M), r(M), and [b]. Let A" be a basis for the M’-formulas with [A’] bounded in
terms of [(M), r(M), and [b]. Let[b] = n and b € M" represent b. Form A from
A’ by replacing each formula ¢'(x; y) € A’ by an M-formula ¢ (x; ¥, Z) such that
I(Z)=n and ¢'(x; ¥) is equivalent to ¢ (x; ¥, b) in the sense that the same tuples
from M satisfy one formula as satisfy the other. Clearly, R(M',A’,2)=<
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R(M,A,2). From 4.1, r(M)= R(M',A",2) and from 4.6, R(M,A,2) can be
bounded in terms of (M), r(M), and [A]. Since [A] = [A'] +[b] can be bounded
in terms of (M), r(M), and [b] we are done.

6. The number of types over a set

Shelah [12, I1, 4.10(4)] shows that if the theory of a structure does not have the
independence property then for every m < w there exists n < w such that for
every A with |A|=2 we have |s.(A)|=|A|" The version of this result
convenient for our purposes is

LEMMA 6.1. There exists F: o’ — o such that if M € H then

[sm (A)| = | A |FOMr D forall A C M with |A|=2.

PrOOF. Let A be a basis for the M™-formulas chosen first so as to minimize
[A] and then to minimize |A|. Then [A] and |A| can be bounded in terms of m
and I[(M). Let ACM and |A|=2. For each p €s,(A) choose a maximal
sequence (¢; (X; d;): i < k) in p such that for i <k, ¢ (X; a,)is an A-instance or
the negation of an A -instance of a formula in A, and

R(N 6 Mm5a).82)<R(N 6(M75a),4.2)

jsi j<i
where [, ¢;(M™; a,) is to be interpreted as M™. Clearly k = R(M™,A,2)+1
and so can be bounded in terms of [(M), r(M), and m by 4.6. Given
(¢ (X; @): i < k)we can tell which A -instances of formulas in A belong to p, and
so we can recover p. But the number of possible sequences is = k,-|A | where
ko, ki can be bounded in terms of (M), r(M), and m. The conclusion is now
immediate.

7. Indiscernible sets and formulas

Indiscernible sets and formulas will play a crucial role in our investigations. If
M € H, then I C M* is called indiscernible if for all tuples bo, b, from I without
repetitions and with [(by)=[(h;) we have tp(h,)=tp(b,); and I is strongly
indiscernible if every permutation of I can be extended to an automorphism of
M. In our context when |I| < w there is no difference between the two notions;
in general the second notion is clearly stronger.

Let I, A C M*, I be indiscernible and A be finite, then cl'(A) is the least
B C I if there is one such that 2| B| < |I|and I — B is indiscernible over A U B.
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The class of such B’s is easily seen to be closed under intersection, whence
cl'(A) is defined whenever there exists B C I such that 2|B|<|I|and I - B is
indiscernible over A U B. By [12, 111, 3.4] if I is infinite and A is finite then
cl'(A) exists. If A is infinite we et

c'(A)y=U{cl'(Ay): AcC A,| Ay < w}.

If I is O-definable and indiscernible and A is finite, then cl' (A), which is finite
and A -definable, is algebraic over A. If moreover [ is infinite, then cl'(A) is the
largest finite A -definable subset of I. Also, if each {a} C A is B-definable, then,
obviously, cl'(A)Ccl'(B).

If IC M* and n < w we call I n-indiscernible if for all tuples by, b, from I with
I(by)=1(h))= n and without repetitions tp(h,) = tp(h,). Observe that if I C M*
and n = a(M) then [ is indiscernible if and only if it is n-indiscernible.

Sets I, C M* (i <j) are called mutually indiscernible if for all a, € I, (i <j)
without repetitions tp(d, . . ., 4,-1) depends only on {I(a;)}: i <j). Strong mutual
indiscernibility is defined by analogy with strong indiscernibility.

Two 0-definable indiscernible sets I, J C M * are said to be linked if there is a
(O-definable bijection between them.

We now summarize the principal results to be proved in this section. Let it be
understood that M € H, that finite bounds have been fixed for /(M) and r(M),
that elements are members of M* and sets are subsets of M*,

In 7.2 it is shown that cl' ({a}) exists and |cl’ ({a})| can be bounded in terms of
[a], provided I C M* for some k € w and |I| is large enough compared to [a]
and [I]. In 7.4 this is extended to indiscernible sets I C M*. In 7.5 it is shown
that, if I C M* is O-definable and n-indiscernible for n sufficiently large
compared with [I], then I is indiscernible. We are indebted to the referee for the
proof of 7.3; in the original version of the paper 7.3 and 7.4 were proved only for
O-definable I.

In the latter part of the section we look at the relationship between O-definable
indiscernible sets I, J. The final lemma says that if I, C M* (i <j) are pairwise
unlinked 0-definable indiscernible sets of sufficiently large cardinality then I,
(i <j) are mutually indiscernible.

LEMMA 7.1. There exist F:0'—>w and G:o — o such that if M € H,
a EM*, m<w, ICM* is n-indiscernible, and |1|=n where n = G(I(M),
r(M),[I},a], m), then there exists B C I such that |B| = F(I(M), r(M),[a]) and
I — Bis m-indiscernible over B U {a}. Further, F and G can be chosen so that there
is a unique minimal B satisfying the conclusion.
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ProOOF. Suppose that I is not m-indiscernible over {a} and let n, = m be the
least number such that I is not n,-indiscernible over {a}. Let A,, b,, ¢, be such
that: A CL JA|=n-1, b.a€I-A, and tpb|A Ula})#
tp(c: [Al U{a}). We have |s,(B:)|=2, where B,=A,U{b,,c;}. Indeed, if
o €aut(M) is such that A,Cfix(c) and o(b))=c;, then tp(a|A U{c})#
tp(o(a)| A, U{c)).

If I — B, is m-indiscernible over B, U {a}, then we are done. In the other case
let n,=m be minimal such that I — B, is not n.-indiscernible over B, U {a}.
Let A,, b,, ¢; be such that: A.CI |A:|=n,—1, byc,E1—(B/UA;) and
tp(b:| BiU A>U{a}) # tp(c.| B. U A, U {a}). Then we have |s.1(B2)| = 4, where
B.=A UA,U{b;, ¢y, bs,cap. Indeed, if o and 7 €aut(M) are such that
A U A, Cfix(o)Nfix(1), o(b)=ci, o(c))=bi, o(b:)=b., o(c:)=c¢2, (b)) =
by, 7(ci) = ¢\, and 7(b:) = ¢3, then a, o(a), 7(a), or(a) realize different types
over B,.

Proceeding in this way as long as possible, it is easy to see by induction that we
can find subsets B; of I, i € w, such that | B;| = (m + 1)i and such that there are 2'
[a]-types over B.. Thus we get subsets C, of M such that |C,|= (m + 1)i[I] and
|51a1(G)| 2 2". By 6.1 the k-th step of the induction cannot be completed, where
k is the least integer satisfying

25> ((m + k[I]Feeneeniey

with F given by 6.1. Let the e-th step be the last one which is complete. Now e,
and hence | B, |, are bounded by a function of m, (M), r(M), [a], and [I]. Since
the (e +1)-st step could not be completed, I — B. is m-indiscernible over
B. U{a}. In order for the desired automorphisms to exist in the course of the
induction, I should be | B, |-indiscernible. Taking B = B,, we have the conclu-
sion of 7.1 except that the bound on |B.| depends on m and [I].

To ensure that there is a unique minimal B satisfying the conclusion (except
for the sharper bound on |B|) it is enough to choose G so as to force
2|B.|<|I|. We can cut I down to J with B CJ C I such that B is the unique
minimal set satisfying the conclusion of the lemma when I is replaced by any set
between I and J. Moreover |J| can be bounded in terms of m and |B], and
hence in terms of m, [(M), r(M), [a], and {I]. By choice of G we ensure the
existence of such J which is indiscernible with | J| = [J] =[I]. Now a “selects” B
from J, whence |s.(J)|=|J]®. Let A C M be chosen so that every singleton
C Jis A-definable and |A|=[J]|J|. Then |si;(A)| = s (D} =T °. Apply-
ing 6.1 to A CM with m =[a] we obtain

l]llﬂl < ([J]'J!)F(I(M)J(M).[ﬂ])
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where F is from 6.1. This becomes
[Bllog|J|= F(I(M),r(M),[a])(log|J | + log[]]).
Since |J|=[J], | B| is bounded in terms of (M), r(M), and [a].

COROLLARY 7.2. There exists H : w*— w such thatif M EH, a EM*, k < o,
I C M"“ is indiscernible, and |I| > H(I(M), r(M), k,[a]), then cl'({a}) exists and
[cl'({a})| can be bounded in terms of I(M), r(M), and [a].

ProOF. Let m = a((M,{a})). From 5.1 there exists F:w'— » such that
m < F(I(M),r(M),[a}). Let G : ©®— w be the function from 7.1 which we may
assume is monotonic increasing in all its arguments. Let

H(io, iv, is, is) = G io, i, s, i3, Fio, i1, i3)).

By 7.1, |[I|> H(I(M),r(m),k,[a]) gives B C I such that I — B is a((M, a))-
indiscernible over B U {a}, and | B | is bounded in terms of [(M), r(M), and [a].
Clearly I — B is actually indiscernible over B U{a}, so we are done.

The next lemma is rather technical. Its purpose is to allow us to generalize 7.2
to the case in which I C M*. Recall that a basic subset of M* is one defined by
an atomic or negated atomic formula, and that S (A) is the set of all solution
sets in M of complete k-types over A C M*.

LEMMA 7.3. There is a function F:w’-—>w such that, if MEH,
k<w, EE4M"), ICM"/E is F(I(M), r(M), k)-indiscernible, and |I|=
F(I(M),r(M), k), then there exist d € M* and P € S.({d}) such that [d]=
F(I{M),r(M), k), and the following conditions hold:

() 2(PE)NT|Z]1],

(i) for each basic C C M* either PN a# and CNPNa =4 for at least
half the a €I, or CD PN a#J for at least half the a € I,

(iti) if cop..., i1 €EPN U I fall in distinct E-classes, then tp(co, . . ., Cai l{d})
depends only on n, and

(iv) if Iis O-definable, BC M, P € S, (B U{d}), and co, ..., C.—: are as in (iii),
then tp(co, - . -, Ca I B U{d}) depends only on n.

Discussion.  This result can be applied to any sufficiently large and suffi-
ciently indiscernible I C M * putting k = [I]. To understand the statement of the
lemma think of the case k =1 and |I| infinite. Then (i) says that P meets almost
every member of I while (ii) says that, if A CM is definable, then either
ANPNa=foralmostalla €L, or A D P N a for almost all a € L. Also, (iii)
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says that, if J C P is a set of representatives for the members of I meeting P,
then J is indiscernible over {d}, and (iv) that, if B C M is such that P is a 1-type
over B U{d}, then J just mentioned is indiscernible over B U {d}. For (iv) we
need I O-indiscernible. Using the structure theory developed later, this assump-
tion could be eliminated.

ProoF. We need the following special notation which will not be used later.
For finite D C M*, let [D] denote the least i < w such that i =|D| and there
exists A C M such that each singleton C D is A-definable and |A |=i.

For any finite D C M* and any m < o, define cI™ (D) to be the smallest B C I
satisfying the conclusion of 7.1 when D plays the role of a, where we assume that
I is sufficiently large and sufficiently indiscernible. Then we have:

(A) I—cl™(D) is m-indiscernible over D Ucl™(D), |cI™(D)|<|I|/2, and
[c1"(D)] = kF(I(M), (M), [D]),

where F is given by 7.1.
Let A be a basis for the M*-formulas of least possible cardinality (see §1) such
that [A] = a (M), the arity of M. Fix m = a{(M). For each finite D C M* define

Ap ={P € S.(D Ucl"(D)): P/E 2 I —cI"(D)}.

Let Dy =, Py € Az and suppose D, and P, € Ap, have already been chosen. If
there exist:

D*2 D, such that [D*]=[D] + mk,

P*C P, such that P*€ Ap. and R(P*,A,2) < R(P,A,2),

then we choose such a pair and put D,.,=D*, P..,=P* If not, we put
D,.:= D, and P... = P.. Clearly the two sequences converge, the number of
steps required for convergence being bounded in terms of R(M * A,2), and
hence in terms of r(M), (M), and k. Let D, P be the limits of D,, P.. By choice
of D and P, we have:

(B) for any finite D* D D such that [D*]' =[D] + mk, there exists unique
P*E€ S (D*Ucl™(D*)) such that P*CP and P*N UJ -d™(D*)#3.
Hence there is a unique P'€S.(D*Ucl™(D)) such that P'CP and
PnUJ-c"(D*)#D.

We will show that, for I sufficiently large and sufficiently indiscernible,
d € M* coding D Ucl™(D) and P (€ Si({d})) satisfy the conclusion of 7.3.
First, notice that [d] can be bounded by a computable function of I[M], r(M),
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and k, because we have such a bound for [D]', via the bound on the number of
steps required for ((D,, P.):n < w) to converge. Secondly, 7.3 (i) holds by (A)
since P, is chosen such that P,/E DI —cl™(D,) at each stage. For 7.3 (ii), let
C=¢(M;¢)C M* where ¢ EM and ¢(X;z) is an M"-formula with ()=
[(¢)= a(M). Applying (B)to D* = D Urng(¢). we find P* € 5. (D* U cl™(D¥))
such that P*2 PN U —cl™(D*)). Now P*C (M;¢) or P*C 1 p(M;¢).
and |cI™(D*)|<!|T1/2, so we are done.

For 7.3 (iii) we need:

CiamM. Let ay,...,a, €PNUI with r=a(M). Suppose a;/E#a,/E
(I1=i<j=r). Then

I-("{d)U{al/E,....a/E}D
is (m —r)-indiscernible over {d}U{a,,...,a.}.

PrROOF OF THE CcLAM. By induction on r. For r =0 this comes from the
definition of cl™({d}), so we may suppose r = 1. If the claim fails for r, we can
find: s with 1=s=m —r, and

bx,. .es bs—x, bs, b3+l el- (Clm({d})U{a;/E, ey a,/E})

such that b, and b, realize different types over {bi,...,b,-1,a,,....a-1. a,, d}.
Let C denote the set {b\,..., b, ai,...,a—i}. By the induction hypothesis b,
and b,,: realize the same type over C U{a,/E}U{d}. Hence there exists
o € aut(M) such that C U{d, a./E} C fix(¢) and o (b..) = b,. Now q, and o (a,)
realize different types, say p, and p., over C U{d, b,}. We suppose that d was
chosen to code D Ucl™(D) exactly, i.e., such that not only is every singleton
C D Ucl™(D) {d}-definable, but {d} is also (D U cl™(D))-definable. Hence a,
and o (a,) realise different types over D* U cl™ (D), where D* =D U C U{b,}.
Let c €1—cI™"(D*). Using the induction hypothesis again, we obtain 7 &
aut(M) such that C U{d, b} Cfix(r) and 7(a,)=c. Thus p, and p, (since
a./E = o(a,)/E) are both realized in a N P for each a €I —cl™(D*). This
contradicts (B) and completes the proof of the claim.

Proor oF 7.3 (iii). Towards a contradiction suppose we have 1 =s = a(M)
and a,...,a. € PN(UT) such that a,/E# a,/E (1Si<j=s+1) and

{al, veay As—1, d})?é tp(aﬁl {al, vy Bs—1, d})

tp(as

Let D*=D U{ai,...,a.—}. Then a, and a,., realise different types over
D*Ucl™(D), say p; and p.. But a,/E and a.../E have the same type over
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D* Ucl™ (D) by the Claim. As in the proof of the Claim we see that p, and p; are
realised in a N P for each a € I —cl™(D*). This contradicts (B).

For 7.3 (iv) notice that it is enough to treat the case in which | B| < a(M). Thus
suppose BC M, |B| < a(M), and P € Si (B U{d}). The idea is to show that we
can replace D by BU D, d by an element of M* coding B U {d} exactly, and
keep P the same, so that the proof of 7.3 (iii) can be repeated. Note that
[BUD Ucl™(BUD)J is bounded in terms of I(M), r(M), and k. Let Q €
S.(B U D Ucl™(B U D)) be chosen so that Q N P N a#0 for at least half the
members a of I. Then Q Na# & for almost all a €1, and Q C P since Q is a
type over a larger set.

Case 1. Q splits P N a for almost all a € I. We can see Q as a Boolean
combination of a small number of basic subsets of M*. One of these basic subsets
must split P N a for almost all a € I. This contradicts the choice of D and P.

Case 2. Not Case 1, but there exists a € I such that PN a# QO N a. Since
Case 1 fails, there are only a few such a. Let the set of all such a be denoted K.
Since I is O-definable, cI™(B U D) is (B U D)-definable. It follows that K is
(B U D)-definable, which contradicts P € Si (B U D).

Since Cases 1, 2 both fail, Q = P. Thus D can be replaced by B U D. Clearly
cI™(BUD)=cl"(D), and so d can be replaced by an element coding B U {d}.
Repeating the argument of 7.3 (iii) we have the desired conclusion.

COROLLARY 7.4. There exists H: w'— w such that if MEH, aEM*, IC
M* is indiscernible, and | 1|z H(I(M), r(m),[I],[a]) then cl'({a}) exists and its
size can be bounded in terms of (M), r(M), and [a]. If I is O-definable, |cl' ({a})|
can be bounded in terms of I(M) and [a].

PROOF. We can suppose I is as in 7.3 with k =[I] and that |I| is large
compared with [(M), r(M), k, and [a]. In the proof of 7.3 we saw that
I—(P/E)=cl™({d}) has size bounded in terms of [(M), r(M), k, and [a] by 7.1.
From 7.3 (iii) there exists I' C M*, an indiscernible set of representatives for
IN(P/E). Let a' =(a)" b where b is a sequence of k-tuples, one representing
each element in I — (P/E). By 7.2, cI"({a'}) exists and its size is bounded in terms
of I(m), r(M), and [a']. Clearly (P/E N I)—(cl"({a'})/E) is indiscernible over
{a'tu I —(P/E)) U (cl"(a}) E). Therefore cl’ ({a'}) exists. Hence cl' ({a}) exists
and its size can be bounded in terms of [(M), r(M), and [a] by the argument
used to bound |B]| in 7.1.

If I is O-definable, cl'({a}) is {a}-definable. For ¢ conjugate to a in M there
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are |cl'({a})| + 1 possible values for |cl' ({a}) N cl’' ({c})]. Hence there are at least
this number of 2[a ]-types over J. But the number of such types can be bounded
in terms of /(M) and [a]. Therefore |c'({a})| can be bounded in terms of [(M)
and [a] in this case.

CoOROLLARY 7.4. There exists H: 0" — w such that if MEH, a e M*, I C
M* is indiscernible and 0-definable and |I|=Z H(I(M),r(M),[I],[a]), then
cl'{a}) exists. In this case |cl' ({a})| can be bounded in terms of (M) and [a).

PROOF. We can suppose I is as in 7.3 with k =[I] and that |I| is large
compared with [(M), r(M), k, and [a]. In the conclusion of 7.3, [d] and hence
|I — (P/E)| are small, i.e. can be bounded in terms of (M), r(M), and k. Also
from (iii) there exists I'C M* an indiscernible set of representatives for P/E.

Let a'=(a)"b where b is a sequence of k-tuples one representing each
element in I —(P/E). By 7.2, cl"({a’}) exists and |cl"({a"})] can be bounded in
terms of [(M), r(M), and [a’]. Clearly (P/E)N I — (cl"({a'})/E) is indiscernible
over {atUI —(P/E)U(cl"{a’})/E). Therefore cl'({a’}) exists and hence
cl'({a}) also.

If a and a' are conjugate there are |cl'({a})|+1 possible values for
lel'{a}) Necl'{a’})]. Hence there are at least this number of 2[a ]-types over &.

COROLLARY 7.5. There exists F: w — o such that if M€ H and I C M* is
0-definable and F(I(M), r(M),[I])-indiscernible then I is indiscernible.

PROOF. We can suppose I is as in 7.3 and that |I| is large compared with
[(M), r(M), and [I]. Arguing as in 7.4 with a empty we have I'—cl"({a’})
indiscernible over {a'} U cl"({a'}). Therefore (P/E)— (cI"({a’})/E) is indiscern-
ible over (I—(P/E)U(cl"{a’})/E), ie. there exists B CI namely
(I—(P/EYU (cI"({a’})/E) such that I — B is indiscernible over B.

Choose F such that

1= (P/E)|+[c"{a'D| = FU(M), r(M), 1))

Then | B| = F(I(M), r(M),[I]) and by hypothesis any subset of I of cardinality
| B] is conjugate to B. The indiscernibility of I is now immediate.

REMARK. 7.5 can be proved without the assumption that I is O-definable.
However, the only proof we know requires the theory from §11. The methods of
this section yield only the conclusion: there exists unique minimal B C I, of size
bounded in terms of (M), r(M), and [I], such that I — B is indiscernible over B.

For the rest of the section we shall be studying the relationships between
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different definable indiscernible sets. Roughly speaking two such sets are either
mutually indiscernible or there is a bijection between them which is 0-definable.
The first resuit in this vein is:

Lemma 7.6. Let M€ H, I, JC M™* be 0-definable indiscernible sets, and let
max{|1|,|J|}=7. Then either

(i) for all m, n such that m+1<|I| or n+1<|J|, and all distinct
ay,...,am €1 and distinct by, ..., b, €J, tp(ai,..., @m, by, ...., b,) depends only
on mand n; or

(ii) there is a unique O-definable bijection between I and J.

REMARK. Neither the finiteness of a(M) nor the No-categoricity of M are
needed. It is enough that, if I and J are both infinite, then the formula defining I
be stable.

Discussion.  Since M € H, indiscernibility and strong indiscernibility are the
same for definable subsets by 3.5. Let alt(A ) denote the alternating group on the
set A if A is finite, and mean the same as perm(A ) otherwise. By 1, we denote
the identity map on A. A subgroup G = perm(A ) is called closed if it satisfies

(Vo € perm(A))(VB C @)(|dom(B)| < w > (FYEG)(BC¥)—~a €G.

When A is finite all subgroups of perm(A) are closed. For any structure M,
No-categorical or not, aut(M) is closed. If A,B CM are O-definable, then
auty (A, B) is a closed subgroup of perm(A) by 3.4.

Now let I, J satisfy the hypothesis of the lemma. The following easy
observations will be helpful.

Facr 1. autn(I,J) is a closed normal subgroup. Hence, either auty (L J) =
{1;} or auty (I, J) = alt(I) since |I]|>4.

Fact 2. The following are equivalent:

(i) autm(I,J)=perm(Il),

(ii) I is (strongly) indiscernible over J,

(iii) J is (strongly) indiscernible over I,

(iv) I and J are (strongly) mutually indiscernibie.

Fact 3. The following are equivalent:

(i) autm (LJ)={L}

(i) {a} is J-definable for each a €1, (*)
(iii) tp(ao|J)# tp(a,|J) for all distinct ao, a, € 1.
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PROOFOF 7.6. From Fact 1 there are two cases. If auty (I, J) = alt(]), then we
have (i) of the conclusion provided |m + 1| <i. At the same time auty (I,J)=
alt(I) is clearly inconsistent with auts (J,I)={1,}. Hence auty(J, )= alt(J),
which yields (i) of the conclusion provided |n + 1| <|J|. Therefore (i) holds if
auty (I J) = alt(1).

For the rest, suppose autu (I, J)={1,} and without loss of generality that
|I|=|J|. The essence of the conclusion in this case is that (*) above can be
strengthened to ““for all a € I, {a} is {b}-definable for some b € J”'. Recall from
Fact 3 that tp{ao ( J) # tpla, l]) if ay, @, € I are distinct. Fix a € I It follows that
J is not indiscernible over {a}. Suppose J is infinite. From the superstability of
M, cl’({a}) is finite. Since J is not indiscernible over {a}, cI’ ({a}) # . Since J is
O-definable, cl’({a}) is {a}-definable. If |cl’ ({a})| > 1, then there is a non-trivial
2-type on I, because [cl’ ({ao}) N cl’({a.})| takes at least three different values at
ao, a, tun through I Therefore |cI’ ({a})| = 1 which means there is a 0-definable
bijection between I and J as required.

Now suppose J is finite. There is a mapping o & 7 of perm(I) into perm(J)
such that o U 7 extends to an automorphism of M for all o € perm(I). The
mapping ¢ & 7 is one-one, whence |J|=|I|. Since |J| =|I| by assumption, we
have |I|=|J|. From [11, 7.4] the symmetric group on I has no outer automor-
phism since |I|>6. Hence the bijection between perm(I) and perm(J) under
discussion must be induced by a bijection between I and J. Since the bijection
between perm(I) and perm(J) is O-definable, so is the corresponding bijection
between I and J. This completes the proof.

If (i1) holds we say that the definable indiscernible sets I, J are linked and if (i)
holds we say they are unlinked. We shall tacitly assume that all indiscernible sets
considered have cardinality =7. Whether I, J are linked or not is invariant
under naming @ € M* provided |I| and | J | are sufficiently large compared with
(M), r(M), [I], [J]. and [a]. This is now made precise.

LEmMMA 7.7. There is a function F : " — o such thatif M € H, I, ] C M* are
0-definable, a € M*, and

[I],|T]= F((M), r(M),[I},[]), [a])
then I —cl'({a}) and J —cl’({a}) are linked over {a} iff I and J are linked.

Proor. The “if” part is obvious. Suppose I, J are unlinked but that
I—cl'{a}) and J —cl’({a}) are linked over a. Let I, C I, J,C I have the same
power m, where

m <|I-cl'{a})|=|J —cl'{a})],
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then | si.)(Io U Jo)| > m! because a can define any of the m! possible bijections
between I, and Jo. Thus if | I| and | J | are large enough there is a contradiction of
6.1.

Let us call sets I, C M* (i <j) almost mutually indiscernible if, for all m, such
that m; +1<|L| (i <j) and all distinct @, ..., am €L (i <j),

tp(am, s Qomgs « oo 3 =105« + 5 Bj—1 "‘rl)

depends only on (m, : i <j).

LemMa 7.8. Let I, CM™* (i <j) be O-definable indiscernible sets which are
pairwise unlinked and let |L|=7 (i <j), then I (i <j) are almost mutually
indiscernible.

PROOF. We can suppose that |I;| is nondecreasing with i. We employ
induction on j. Let mo<|I;| — 1 and aqi, . . ., aom, € I be distinct. Let aoy, - . . , Qom,
be named, then I; remains indiscernible for 0 < i < j. Suppose for a contradiction
argument that there exist i, k, 1 =i <k <j, such that I, I, are linked over
{aoi, - .., Gom}- Let m = my be the least number such that L, I, are linked over
{ao1, ..., aom}. Then over {ao, ..., o »-1} there is a unique bijection between I,
and I defined by au.. If I, I; are infinite this contradicts the stability of M. If I,
I, are finite there are not enough possibilities for ao. to define ail possible
bijections between I and I.. Therefore no such i, k exist and so I, I are
unlinked over aoy, ..., dom, for all i, k, 1 <i <k <j. The lemma follows by
applying the induction hypothesis to (M,{ao, .. ., Gom})-

Starting from the last lemma and using the ideas of 7.3 and 7.5 we can prove:
LEMMA 7.9. There is a function F: > — w such that if M € H and , C M*
(i <j) are 0-definable indiscernible sets which are pairwise unlinked and
|L|z FM), r(M),max{[L]}:i <j}) (i <])

then 1, (i <j) are mutually indiscernible.

8. Strongly minimal sets

In this section we show that if M € H and there is a strongly minimal set
H C M* then H is disintegrated in the sense of Zilber [14], i.e. after factoring
out the coarsest nontrivial equivalence relation which is definable on H we are
left with an indiscernible set. We could rely on the theorem of Cherlin and Zilber
[3, 2.1] characterizing the dependence relations which can arise from No-
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categorical strongly minimal sets. However, since there is an easy proof from
first principles of the theorem we need, we present it.

Call H C M* strongly minimal if H is 0-definable and infinite, and if for any
definable A C H either A or H — A is finite. We call H strictly minimal if H is
strongly minimal and there is no nontrivial 0-definable equivalence relation on
H. Equivalently H C M* is strictly minimal if it is 0-definable, infinite, and
realizes a unique nontrivial 2-type. If M € C and H C M* is strongly minimal,
then there is a coarsest nontrivial O-definable equivalence relation E on
H —acl(©). Clearly (H — acl(d))/E is strictly minimal. Thus in an No-categorical
structure associated with each strongly minimal set is a unique strictly minimal
set. A strongly minimal set is called disintegrated if the associated strictly
minimal set is indiscernible. We will assume familiarity with the exchange
principle for strongly minimal sets and with the notion of an independent subset
(see [1]).

If H is strongly minimal and A C H then by (A ) we denote H Nacl(A), and
by (A)i the set (A)y — U{(B)x:BZ A}.

Lemma 8.1.  If H is strongly minimal, A U{a} C H is independent, b € (A )5,
and ¢ € ({a, b})u, then ¢ €(A U{a})s.

Proor. Towards a contradiction suppose the hypotheses are true and that
the conclusion fails. Then there is B & A U{a} such that ¢ €(B)x.

Case 1. BCA. Since ¢ €({a,b})i;, by exchange we have a € ({b, c})u
whence a € ({b} U B)x C (A )u. This contradicts the independence of A U {a}.

Case 2. Otherwise. Then a € B and there exists d € A — B. Since ¢ €
({a, b, by  exchange we  have be(a,chHu C(B)au. Also
b €({d}U(A —{d}))n, whence by exchange

de({btU(A —{dh)u C(A —{dhU{ahu
since B C (A —{d})U {a}. But this contradicts the independence of A U{a}. So
we are done.

Lemma 8.2. IfM € Hand H C M* is strictly minimal then H is indiscernible.

Proor. Towards a contradiction suppose H is not indiscernible. Choose
distinct ao,...,a,-1€ H with n as small as possible such that for some
bo, b € H —{ay, ..., awa}, tp(ao,...,an-1, bo) Ztp(ao,...,a.—1, bi). Since H is
strictly minimal n 22. If n =2 then, by naming a.,...,a,s and considering
H—({ao,...,a. s})u factored by the coarsest {ay, ..., a.s}-definable equiva-
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lence relation having finite classes, we can reduce to the case n =2. Thus
suppose n =2. This means that, if A CH and |A|=2, then (A # @.

Let B C H be an independent set of cardinality m < w. From 8.1 it follows
that for every nonempty C C B there exists ¢ € (C)x. Also, if Cy, C,C B and
Co # Cy, then (CouN (Cu=. If not, let d € (Co)uN (C))ir. By definition of
(C)u neither of C,, C; contains the other. Hence there are ¢, € Cy-— C, and
¢ € Ci— C,. By exchange (C)y = ((C —{c.})U{dDu (i <2). Therefore

(CO U Cl)H = ((Co U C] U {d}) bl {Co, Cl})H.

But this contradicts the independence of Cy U C; since the set ((Co U C))U {d})—
{co, c,} has one less element. We conclude that over B at least 2™ types are
realized in H.

We can suppose that each element of H is represented by a single element of
M. Otherwise replace M by a suitable finite cartesian power. We have shown
that for every m < w there exists A C M with |A|=m and |s,(A)|=2™. This
contradicts 6.1 so we are done.

CHAPTER II — SHRINKING AND STRETCHING

9. The coordinatization and trichotomy theorems

From [3] we quote a coordinatization theorem for Ng-categorical, No-stable
structures and adapt it to the special context of this paper. An important
consequence will be the Trichotomy Theorem 9.4 which says that there is
F : 0> — w such that for any M € H if N is a transitive quotient structure of M
then either | N| = F(I(M), r(M)), or some member of €(N) is nontrivial, or N is
perfect in the sense defined below. Recall that “transitive” means there is only
one 1-type and that N is a quotient structure of M if its universe has the form
C/E, where for some E, E, € (M), with E,CE, C is an E,-class and
fld(E,) = fid(E,). The automorphisms of N are all those induced by automor-
phisms a of M such that a(C)=C.

We now say what we mean by a perfect structure. For each triple (F, m, n)
where F is a finite transitive structure, 3 =m = w and 0 <2n < m, we construct
M(F, m,n) € H. First let Mo(F, m) be a structure on which there is a 0-definable
equivalence relation E such that Mo(F,m)/E =F and the E-classes are
mutually indiscernible sets of cardinality m. Then My(F,m) is fixed up to
isomorphism. Let M(F, m, n) be the structure whose universe is
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A ={XCM(F,m):|X N0 C|=n for all C € M|(F,m)/E}

and whose automorphisms are all permutations of A induced by automorphisms
of My(F, m). A structure is perfect if it is isomorphic to one of the structures
M(F, m,n).

Notice that if N is perfect its perfectness is witnessed by some triple
(Eq, E1, R) such that

(i) R is a O-definable ternary relation on N,

(ii) E,, E, € €(N?), ld(E,) = fld(E)), and E, C E,,

(i) F ={C/E,: C € N*|E,} is a finite family of mutually indiscernible sets of
N* each having cardinality m =3 and aut(N) permutes & transitively,

(iv) R induces a 0-definable relation S C N X U & such that for some n with
0<2n < m the mapping a ~ {b :(a, b) € S} is a bijection from N onto

(XcUZ:|XNY|=nforall YE F)}.

To justify this remark it suffices to define E,, E,, R when N = M(F, m, n). Let
X, Y denote (X, X)), {Yy, Y:) and define

E0={<X, Y)EAZXAZZQa,b eMo(E m)
X [(a,b)EE&XoﬂXI ={a} & Yo[‘) Y1 :{b}]},

El ={<X, Y}EE()ZX()OX;z Y{)m YI}’,
R ={<27X0’X1>EA3ZIX0“X1|=1&ZQX()QX]}.

We shall not verify that M (F, w, n) € H because we shall not need it and the only
proof we know is quite tedious.

In general we do not know whether from the isomorphism type of M(F, m, n)
one can recover m, n, and the isomorphism type of F, although this is possible if
m is large enough compared with |F| and n. Despite this, in speaking of a
perfect structure we shall tacitly assume that some particular perfect representa-
tion has been given so that we can talk of its width, meaning | F|, and its index,
meaning n. Notice that in M(F, m, n) at least | F| + 1 2-types are realized because
for X, X, € A, [{CEMy(F,m)/E: X, C=X,NC} can take any value =
|F|. Likewise at least n + 1 2-types are realized because for each i =n we can
find Xy, X, € A such that | X,N X, N C|=i for all C € My(F, m)/E.

From [3, Theorem 4.1] we quote without proof the

COORDINATIZATION THEOREM 9.1.  Let N € C be infinite Ny-stable, and transi-
tive. There exists P, the solution set of some type over J in N* such that P has
Morley rank 1 and acl{a})N P# for all a € N.
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REMARK. The proof of 9.1 uses the difficult result of Cherlin and Zilber [3,
Theorem 2.1] characterizing all possible dependence relations of N.-categorical
strongly minimal sets. In this paper 9.1 is applied only to quotients of structures
in H and so all strongly minimal sets are disintegrated. This special case of 9.1
does not rely on the theorem of Cherlin and Zilber just alluded to.

CoroOLLARY 9.2, If we add to the hypothesis of 9.1 that N is a quotient
structure of some M & H, then we can add to the conclusion that there is a finite
equivalence relation E on P O-definable in N such that the E-classes are mutually
indiscernible.

ProoF. Starting with the conclusion of 9.1 we can suppose that on P there is
no nontrivial O-definable equivalence relation with finite classes. For, if there
were one, by Ny-categoricity there would be a coarsest one and we could factor it
out.

By the finite equivalence relation theorem [12, III, 2.8] there exists a finite
equivalence relation E on P O-definable in N such that the equivalence classes
have Morley degree 1. Thus the E-classes are strongly minimal and hence
strictly minimal because on P no nontrivial equivalence relation with finite
classes is 0-definable. By 8.2 the E-classes are indiscernible sets. If two of these
indiscernible sets were linked there would be a non-trivial equivalence relation
on P with finite classes which was 0-definabie. Thus the E-classes are pairwise
unlinked. Since the E-classes are infinite they are mutually indiscernible by 7.8.

The Trichotomy Theorem will be proved by applying the Compactness
Theorem to the following consequence of 9.1.

CorOLLARY 9.3. If M € H and N is an infinite transitive quotient structure of
M then either

(i) some member of €(N) is nontrivial, or

(i) N is perfect with width and index less than the number of 2-types over &
realized in M.

PROOF. We start from the conclusion of 9.2. Define
Ro ={{as, a:) € N*:|acl{as}) N C|=]acl{a:})N C| for all C € P/E},
R, ={{a,, a\) € N*: acl{ao}) N P = aci({a,}) N P}.

Obviously Ry, R, € €(N). If R, is universal then, because N is transitive and
aut(N) permutes P/E transitively, n = |acl({a}) N C| is the same for all a EN
and C € P/E. Thus a » acl({a}) N P (a € N)is a 0-definable mapping of N into



Vol. 49, 1984 COUNTABLE STABLE STRUCTURES 103

A={XCP:|XNC|=n forall CE€PJE}.

If R, is equality then the mapping is one-one. The mapping is onto because the
classes C € P/E are mutually indiscernible. Thus if R, R, are both trivial, N is
perfect. The width and index are less than the number of 2-types over (J realized
in N and hence less than the number realized in M.

TRICHOTOMY THEOREM 9.4.  There exists F : w”— w such that if M € H and N
is a transitive quotient structure of M then one of the following three possibilities
holds:

() |N|=F(IM), r(M)).

(i) there is a nontrivial member of €(N),

(iii) N is a perfect structure.

Proor. Fix r < w, a finite relational language L, a unary relation symbol U
of L, and a binary relation symbol R of L. Let 7 be an infinite conjunction of
L -sentences such that for any L-structure M we have M = 7 if and only if the
following all hold: M € H(L), R" € (M), ild(R")=U"#g, U™/R" is
transitive, and r(M)=r. Let T denote the class of L-structures in which 7 is
true. For any M & T let N(M) denote the quotient structure of M with universe
UY/R". Below we often write N for N(M) for short.

Given arbitrary M € H and transitive quotient structure N of M, we can
expand M by adjoining N as a new unary relation, and then adjoining further
relations so that the new structure will be in H. Thus we make L (M) like L, and
N becomes N(M). The expansion of M changes [(M) and r(M). However, their
new values can be bounded in terms of the original ones. Hence to prove the
theorem it suffices to find, given L as above and r < w, a number j such that, if
M ET, and | N|>j, then N satisfies (ii) or (iii).

The idea of the proof is as follows. Clearly there is an L-sentence ¢ such that
ME £ iff €(N) has a nontrivial member. Let k, be an L-sentence such that
ME k iff [N|Z i (i < w). We will show how to find an L -sentence 7 satisfying:

CLamM. For M € T we have
(a) if N is an infinite perfect structure, then M = 7;
(b) if M=, then N is a perfect structure.

Suppose the Claim is granted. From 9.3 and (a) of the Claim {r}U
{k i <o}t &v 7 By the Compactness Theorem we can replace {«; : i < w} by
some finite subset. Hence there exists j < o such that, if M €T and |N|>],
then M € or M k= 7. Since ¢ means that N satisfies (ii) of the conclusion, and,
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by (b) of the Claim, 7 implies that N satisfies (iti), we are done. It only remains
to describe the senfence 7 and to prove the Claim.

From L we can compute ko such that if M € T then <k, 2-types are realized
in M. If N is perfect, then its width and index are < ko. By 5.2 from L and r we
can compute k; such that, if M’ is obtained from M € T by naming <k,
equivalence classes of an equivalence relation in E(M?), then [(M"), r(M’) < k.
By 7.5 from L and r we can compute k; such that for such M',if I C(M')* is
0O-definable and k,-indiscernible and [I] = 2, then I is indiscernible in (M')*. By
7.9 from L and r we can compute k; such that for such M', if I, C(M")* (i <j)
are pairwise unlinked 0-definable indiscernible sets with |I,|= ks and [L] =2,
then the sets I, (i <j) are mutually indiscernible.

Let o be an L-sentence such that for M € T we have M = 7 if and only if
there exist E,, E; € €(N°) such that the following conditions are satisfied:

() E.# E, and fld(E,) = fld(E.),

(i) N?*/E, is permuted transitively by aut(M),

(iii) | N*/Eo| < ko,

(iv) for all C € N*/E,, the set C/E, is kr-indiscernible in (M, N°/Ey)*,

(v) for all Co, Dy, Ci, D\ € N*/E, if Co/Eo= Do/Es# Ci\/Eo= D\/E, then
(Co, C1) and (D, D)) realize the same type in (M, N*/Eo)*,

(vi) |C/E:]> ks for all C € N*/E,,

(vii) there is a ternary relation O-definable on N which induces a bijection
between N and

B={XCN*E :|XNC|=n for all C € N*/Eq}

for some n < ko such that 0<2n <|C/E,| for C € N*/E,.

PrOOF OF CLaM. (a) To see that Mk 7 consider E,, E, € €(N*) which
together with a suitable ternary relation witness the perfectness of N. Then (v) is
an easy consequence of the mutual indiscernibility of the classes C/E, (C &€
N?/E,). Since N is infinite so is | C/E.| for every C € N*/E,, whence (vi) holds.
All of the other clauses are clear.

(b) Let M € T and M & 7. Let E,, E, € €(N°) satisfy (i)-(vii) and M' denote
(M, N°/E,). Notice that (M, N°/E,) can also be written (M, D) where D = M°/E,
for a certain E, € €(M?) and there is a natural bijection between N°/E, and D
which is 0-definable in M*. Thus [(M’), r(M') = k,. From (ii) N°*/E, is permuted
transitively. From (iv) for all C € N°/E, the set C/E; is k»-indiscernible and
hence indiscernible in M' by choice of k.. From (v}, if Co, C, € N*/E, are distinct
then Co/E; and C,/E, are unlinked in M'. From (vi), by choice of ks the sets
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C/E, (C € N’/ E;) are mutually indiscernible in M’ and hence in N. From (vii)
there is a bijection between N and B which is O-definable and such that
0<2n <|C/E,| for C € N’/E,. From all this it is clear that E, and E, witness
the perfectness of M. This completes the proof of the claim.

10. Indiscernible formulas revisited

The main resuit of this section says that if I is a 0-definable indiscernible set in
M* where M €H, JCI and A CM such that |I]| is sufficiently large and
JNncl'{a})=O for all a € A, then J is strongly indiscernible over A. As a
preliminary we prove the following lemma which is important in its own right.

LEMMA 10.1. There exists a function F:w"— w such that if MEH, 1€
S$*(D), ¢,d € M*, I C M* is indiscernible over {c} and indiscernible over {d},
and

||z F((M), r(M),[I],[c],[d])
then I is indiscernible over {c,d}.

PrROOF. We shall suppose that |I] is very large compared with [(M), r(M),
[I], [c], and [d]}. We can suppose that [d] = 1. Until further notice by “class” we
mean a class of one of the equivalence relations in €(M). We can suppose that d
is a class and d C D for some D € S(J). Towards a contradiction suppose I is
not indiscernible over {c, d}. Fixing ¢ and D, choose d maximal with respect to
inclusion. Let e C D be a minimal class properly including d and let M, =
(M, {e}). From 5.2 we have bounds on [(M,) and r(M,). By maximality of d, I is
indiscernible over {c} in M,. Also I is indiscernible over {d} in M,, because e is
{d}-definable in M. Let E{ be the member of €(M) such that d is an E{-class.
Let N denote the quotient structure of M whose universe is e¢/Ej. By choice of e
no nontrivial equivalence relation on N is O-definable. Let cl, mean closure in
in M,. From 7.4 we have a bound on |[cl({c,d’})| for d’ € e/E|. Since
clo({c, d}) # O we have

I=Ul{cl{c,d}):d' € e/El}

whence | N| is very large.

From 9.4 N is perfect. Let (E,, E\, R) be a triple witnessing the perfectness of
N in the sense of §9 and F ={C/E,: C EN’/E.}. Let P = % and E denote
the equivalence relation on P induced by E,, then P € $*(J). Both the width
and index of N are bounded by [(M) and so are small compared with | I|. Every
element of P/E can be defined from a pair of elements of M. Thus there is a
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small subset of M from which every element of {c}U(P/E) is definable.
Therefore clo({c} U (P/E)) is small, whence cl{c}U(P/E))= because
cl(f{c}) = and P/E is O-definable. Similarly clo({d} U (P/E)) = .

Let M, = (M,, P/E). Until further notice we work in M,. The E-classes are
0-definable mutually indiscernible sets, none of which is linked to I because I is
indiscernible over {d}. Let

c*=U{cl°(c}): C e P/E}.

Since | P/E | is small and 0-definable and the E-classes are large, cI“({c} U C*) =
cl“({c}) for each C € P/E. Since C* is small we can treat {c} U C* as though it
were an element of M*. By 7.7, if C, C' € P/E are distinct, then C —cl“({c}) and
I are unlinked over {c} U C* and C —cl“({c}) and C'—cl“({c}) are unlinked
over {c}U C*. From 7.9, I and the sets C —cl“({c}), C € P/E are mutually
indiscernible over {c}U C*.

Therefore, if do, d, € e/E}| have the same components in cl“({c}) for each
C € P/E, then d,, d, realize the same type in M, over {c¢} U I. Hence the number
of types into which e/E} splits in M, over {c}U I is small. Further, cl({c,d'})
is small for any d' € e/E,. Thus U{cl{c,d'}): d' € e/Es} is small. But this
set is {c}-definable in M,, whence U{cly({c,d"}): d' € e/E.} = . In particular
clo{c, d}) =&, so we are done.

COROLLARY 10.2. There exists a function F:w’— w such that if M € H,
1€ S*2), c,d e M*, and

[Tz F(I(M), r(M),[1],[c],[d])

then cl'({c,d})=cl'({c}) Ucl'{d}).
Proor. Apply 10.1 to (M, cl'({c}) U cl'({d})) and I —(cl'({c}) Ucl' {d}).

THEOREM 10.3. There exists a function F : @’ —  such that if A CM € H,
1€ S*D) is indiscernible, JC I, cl'{a})NT =D for all a €A, and |I|z
F(I{M), r(M),[I]) then ] is strongly indiscernible over A.

PrOOF. Without loss we can suppose [I]=1. We shall suppose that |I] is
very large compared with /(M) and r(M) and deduce the desired conclusion.
From 7.3 there exists d € M*, P € $,({d}), and E € €(M) such that I = M/E,
[d] is bounded in terms of [(M) and r(M), and if a,,...,ax € P are pairwise
E-inequivalent, then tp(ay,...,ax I{d}) depends only on k. Further, P/E is
almost all of I, and if C C M is defined from a small set of parameters then C
splits at most a few of the sets P N a, where a runs through P/E. We require
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Ceamm. If ai,...,ax €P are pairwise E-inequivalent and a /E€J
(l=i=k) then tp(ai,....a lA U{d}Ucl'({d})) depends only on k.

PrOOF OF CLAM.  Since cl ({d}) is small [(M) remains small if we name every
member of {d} U cl'({d}). Thus if the claim fails there exists a counterexample
with both | A | and k small. Consider such a counterexample and let C denote
A U{d}Ucl'({d}). There exist ai,...,ar, ax.i € P pairwise E-inequivalent,
except possibly for a, and ai., such that g, /E€J (1=i=k +1) and

tp(al,. R % ' C)# tp(aI,A RPN/ T I/ P { C)

Using 10.2 we have

cd'(C)=U{c'({a}):a € AU’ ({dhUd'(cl'({d})
=(I-P/EyuU{cl'{a}):a € A}
whence
{a,/E:1=isk+1}Ncd' (C)=02.

By choice of d and P we have cl'({d, a.}) = (I — P/E)U{a,/E}. Using 10.2 again
we get

d'(CU{a:1=2i<k})=cd(C)U{a/E:1=i<k}.

Thus I —(cI'(C U{a,/E : 1 =i < k}))is indiscernible over CU{a,: 1 =i < k}
which means that ai, ac., can be chosen E-equivalent. It follows that some
subset of M definable from CU{a :1=i<k} splits every set PNa,
a € I —cl'(C). This contradicts one of the properties of P stated above, because
|C| and k are both small. This completes the proof of the claim.

From the claim J N (P—E) is indiscernible over A U(I —(P/E)). But I is a
0O-definable indiscernible set. Thus d can be chosen so that I —(P/E) is any
subset of I of the right cardinality. Since | I | is large compared with | I — (P/E)| it
follows that J is indiscernible over A.

It remains to show that J is strongly indiscernible over A. Since M is either
finite or Re-stable, I is strongly indiscernible by 3.4. Without loss of generality we
can suppose that

A={aeM:d'{ah)nJ =2} and JT=I-U{d'(a}):a € A}.

Notice that I —J C acly-(A) and that a € M belongs to A if it has the same type
over I as an element of A. Let M§ < M* be prime over A U J, then I C M},
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Since M* is No-categorical, M§ = M™*. Since I is strongly indiscernible there is
an isomorphism « : M*— M?{ with I Cfix(a). Clearly a(A)= A and so M* is
prime over A UJ. By the uniqueness of prime models 3.2, J is strongly
indiscernible over A.

11. Dissecting a structure

In this section we see how an arbitrary countable stable structure M
homogeneous for a finite relational language can be partitioned by means of
families of indiscernible sets canonically associated with the structure.

A family & of indiscernible sets in M * is called a pre-nice family attached to M
if there exist Eo, E, € €(M?) such that

(1) fld(E,) =fld(E.) and E, S E,,

(i) #={C/E,:C € M?*/Ey},

(i) for each I € %, I is indiscernible over ({UJ %)—1I,

(iv) & is permuted transitively by aut(M).

Notice that (iii) says that & is a mutually indiscernible family. By 3.4 it follows
that % is a strongly mutually indiscernible family.

A pair ¢ = (¢, ¢1) of quantifier-free formulas of L (M) having at most xo, x,,
X2, X3 free is called a pre-nice pair for M if ¢, ¢, define E,, E, on €(M?) such
that ld(E,) = fld(E,), E: & Eo, and & ={C/E, : C € M*/E,} is a pre-nice family
attached to M.

Let # be a pre-nice family attached to M. From (iv) & is permuted transitively
by aut(M), whence |I| is the same for each I € %. This common cardinality is
denoted d” (%) and is called the dimension of #. If ¢ is a pre-nice pair for M
which defines # then we let di(¢) = d” (%) and we call d%,(¢d) the ¢h-dimension
of M.

If  is a pre-nice family attached to M and A C M* define cl*(A)=
U{cl'(A): I € %}. Define cI® (A ) where ¢ is a pre-nice pair analogously. Note
that c1¥(A) is not defined for every A C M*, because cl'(A) is not. From 7.4 if
d? (%) is sufficiently large compared with I(M), r(M), and [a], then cI”({a})
exists. From the stability of M cl” ({a}) is finite when it exists. Also, if a € M and
cI” ({a}) exists, then

|cl” {ah)| =]5:2)| = L (M)

because as ao, a, run through M, |cI”({ao})Ncl®({a.})| takes all values
=|cl?({a})|. Let F be a pre-nice family attached to M. We call & a nice family
if the following further conditions are satisfied:
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(v) cl”({a}) exists for all a € M and |[cl” ap)NI|<|I|/8 for all ] € &,

i) for all a €M, if w€perm(UF), w(I)=1 (J€F), and cl”({a}) C
fix(7), then there exists a € aut{M) extending = with a(a)}=aq,

i) if JCIEF and A={aeM:cl”{a})NJ =T} then J is strongly
indiscernible over A.

In the context of stable homogeneous structures which is our main concern we
can omit (vi) and restrict (vii) to the case | J | = 2 without the notion of nice family
being affected. To see this, for any I € % and by, b, € I let a(be, b)) € aut(M) be
such that a(b,)=b,_; (i <2) and A (b, b)) C fix(a (by, 1)), where

A(by,b)={a €M :cl”{aP)N{by, b} =}

Let be(UF)—{by,b}. Since F is a mutually indiscernible family and
lct*{a)NI|<(|I]—2)/2 for all a € M there exist ao, a: € A (bo, b,) such that
(a0, a;) represents b. We conclude that b € fix(a(bs, b)), whence (U F)—
{bo, b:} C fix(a(by, b))).

Let (bo, b)) denote the permutation of U & obtained by transposing b, and
b, all other elements being fixed. Let 7 € perm(U %) such that #(I)=1
(I € ¥). Choose a sequence ({by,,b,):i < k) with k = w such that for each
i =k, bo,, b, € (U F)—fix(s) are distinct and belong to the same member of
%, and 7 =lim, .. 7, where

m = 7T(bo.i, bl‘x)ﬂ'(b(),n—l, blvhl) Tt 7T(b0,0, bl,())-

If k < w then by lim,., 7, we mean m_,. If kK = @, 7 =lim,, 7, means that for
all b€ UF 7 (b)=w(b) for all sufficiently large i < w. Let

@, = a(bn,., bl.z)a(b().;-l, bl.ﬁl) e a(bo,n, bl,())-

It it easy to see that lim; .. a; exists. Denote it by . Then @ € aut(M), a extends
7, and

{a € M :cl” {a}) C fix(w)} C fix(a).

Since 7 was an arbitrary permutation of U % inducing the identity on % we can
immediately infer (vi) and (vii), although to construct a we only used the special
case of (vii) in which |J|=2.

The notion of nice pair for M is exactly parallel to that of nice family and has
already been given in the Introduction.

Examples of nice families are provided by the perfect structures M(F, m, n)
from §9, where we need m >8n because of the requirement in (v) that
[ {a)NI|<|1|/8.
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The importance of 10.3 is that it yields

LemMma 11.1.  There exists F:w>— w such that if & is a pre-nice family
attached to M € H and d* (¥)= F(I(M), r(M)) then ¥ is nice.

REMARK. One could equally well formulate this lemma for a pre-nice pair ¢.
Henceforth we will assume that all our results for nice families apply to nice pairs
and vice-versa.

Proor. By 7.4, if d”(%) is large enough compared with /(M) and r(M) then
forany a € M and I € Z cl' ({a}) exists. Hence cl” ({a}) exists for all a € M and
as remarked above |cl” ({a})| = I(M). Thus condition (v) is satisfied if d” (%) is
large enough. Let I € & Apply 10.3 to the structure (M,{I}). If d*(F)=|I|is
large enough compared with I{M) and r(M) then any JCI is strongly
indiscernible over A ={a € M :cl'({a}) N J =}. Thus (vii) is satisfied and we
saw above that (vii) implies (vi). This completes the proof.

We record for future reference what we proved in showing that (vii) implies

(vi).

Lemma 11.2. If F is a nice family attached to M € H and n € perm(U %)
induces the identity on &, then there exists a € aut(M) extending m such that

{a € M :cl” {a}) C fix(m)} C fix(a).

In the Introduction we defined ®(M) to be the set of all nice pairs for M and
~u to be the relation of equivalence for M on ®(M). Let F(M) denote the set of
all nice families attached to M. We now make some observations about nice
families which follow easily from the definition and which will be used without
special mention below.

Fact 1. If FEFM). a€XE %, and B is a minimal nonempty {a}-
definable subset of Z. then there exists 9 C F such that B is either {a}U U ¥
or (U¥)—{a}.

Fact 2. If # € F(M) and E,, E, relate to % as in the definition of pre-nice
family, then E, induces on U & the finest nonequality 0-definable equivalence
relation on U %. Equivalently, if E 2 E, is a 0-definable equivalence relation on
fid(E)), then E D E,.

PROOF. Suppose R is a O-definable equivalence relation on U & other than
equality. Let a € X € % and Y be the R-class of a. Since R is not equality and
U & is transitive, {a}E Y. By Fact 1, Y D Z for some Z € %. For ¢ € Z the
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R-class of ¢ includes the unique member of # containing c. By transitivity of
U & the same is true for all a € U %. Therefore Y is a union of members of F
as required.

FACT 3. Let #,9€ F(M) and o : U F— U % be a 0-definable bijection.
Then « induces a O-definable bijection between ¥ and ¥.

Proof. Let E,, E, be the equivalence relations associated with & and E, E|
be the equivalence relations associated with 4. From Fact 2, « '(E{) D E, and
a(Ey) 2 Eq. Hence a(E,) = E{§ which is sufficient.

If 49 €F(M), call #, 4 equivalent, written ¥ = 4§, if there is a O-definable
bijection between U % and U 4. The relation = on F(M) corresponds exactly
to = on ®(M).

From the definition of nice family, if M € H and & € F(M), then, for any
A CM with |[A|=4, cI”(A) exists and

cd*(A)=U{c"({a}):a € A}.

Hence cl” ({a}) exists for any a € M* with [a] =4.

Call F dependent on %, written F = %, if for a € U F c1*({a}) is nonempty.
Let dependence be defined in an analogous way for nice pairs and let the
dependence relation on ®(M) be denoted =,,. Call & strictly dependent on 4,
written # < %, if ¥ =% and F# 4 Define strict dependence for nice pairs,
denoted <, analogously.

Let dy : ®(M)— o + 1 denote the dimension function for M, i.e. di [ P(M).
Let d:F(M)— w+1 be d* | F(M).

LemMa 11.3. There exists F:w— o such that if MEH and F'(M)=
{FEFM):d(F)= F(I(M))} then

() fFYYEFM), ¥EF (M), F=4 and 4= X, then ¥ = X,

(i) f FEF'(M), $€FM), =% and §=F, then ¥ =,

(iii) if 1€ F € F(M) then I is strongly indiscernible over

(JFH-DuU{U%:9eFM) £ F).

ProOF. (i) Let # 9 &€ F(M) and 7 € F'(M) such that ¥ =% and ¥ = .
Let a € U % Define

Aa)=U{c"(b}): b cl’(ah)},

then A (a) is {a}-definable, A(a)C U %, and A (a) # . Since [a] =2, cI°({a})
has cardinality =|s«(@)|. Likewise |cl” ({b})| =|s4@)| for b € U 4. Thus F can
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be chosen so as to guarantee d () > | A(a)|. Then there exists I € 3 such that
A(a)N1# T and A(a)B I, whence cl'{a}) # &. Therefore F = I and we are
done.

(i) Let FE F'(M)and € F(M)suchthat F =9 and =% Leta e U Z.
Define

Aa)=Ul" (b} : b ecl®{a})}.

Choose F such that d(%)>|A(a)|. Then A(a) is a nonempty {a}-definable
subset of U & which splits some I € % Hence A (a)={a}, whence cl”({b}) =
{a} for all b€cl?({a}). Clearly cI*{a}) is {c}-definable for all ¢ €cl’{a}).
Hence [c1*({a})|=1. Let f:UF—->U% and g:U4— U F be the unique
0-definable maps such that cl’({a})={f(a)} (a € U F) and cI”({b})={g(b)}
(b € U 9). Then gf is the identity which implies F ~ 4.

(iii) Let I € F € F(M). Let J C I and |J| = 2. Then J is strongly indiscernible
over A={a€M:cl”({a))NJ =} by 10.3. Let ¢ € F(M) such that ¥ %.
Let b € LU % Then cI” ({b}) = & and so b has a representative (bo, b;) € M’ such
that cl”({(bNNJIT = (i<2). If ce(UF)—1J, cI”{c})={c} and so ¢ has a
representative {co, ¢,) € M’ such that cI” ({¢.}) N J = & (i <2). We conclude that
there exists @ € aut(M) transposing the members of J such that

(UFH-DHuU{UY:9€ FM), 9Z F} C fix(a).
This is enough.

We now give an existence theorem for nice families which is an application of
9.4.

LEMMA 11.4. Given G : w’— o there exists H: 0’ — w such that, if M € H
and N is a quotient structure of M, then either | N | = H(I(M), r(M)) or there exists
F € F(N) such that |F| < w and d(F)> G (M), r(M),| F|).

Proor. For notational convenience we assume that N =M. It is easy to
modify the proof so that it applies to the general case. Let G': w'— w be an
auxiljary function to be specified later in terms of the given G. Let M € H be
given. We shall show that either we can find the desired % or [M| can be
bounded in terms of /(M) and r(M). Let P € S(J) have the greatest possible
cardinality and (E, : i = n) be a sequence of maximal length in €(M) such that
fid(E;)) = P (i = n)and E; 2 E... (i < n). (In general case let P be the 1-type of N
with the greatest number of solutions and stipulate that E,, E. be such that
P = C/E, for some Ey-class C.) Let G be an E;-class and n; =| C;/E;.i| (i < n).
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Let m, =1II,.,n, (i =n) denote the number of E,-classes. Either there exists i
such that n, = G'(I(M), r(M), m;), or |P| and hence |M| can be bounded in
terms of /(M) and r(M). Thus forgetting the previous E,’s we can suppose that
we have E,2E, € (M) and an E.-class C such that fld(E;)=P (i <2),
n=|C/E\|z G'((M), r(M),|P/E,|), and there is no E € €(M) such that
E.2E2E..

Fix an E,-class C, then N'= C/E, is a quotient structure of M and €(N’)
contains no nontrivial member. By 9.4, if G'(I(M), r(M), m) is set large enough,
then N’ is perfect and so there is a nice family &’ attached to N'. Let E{, E{
witness the perfectness of N', then %' ={C'/E’,: C'is an E/-class}. Let a denote
{ao, a1) € M” and similarly for a’, b, and b’. Define E* € €(M”) (i <2) by

aE*a’=3b3b'[b,b' € C* & {(a,a’) is conjugate to (b, b")
& (b/E1,b/EDEb/EL,bI/ED] (a,a’ € M°).

Let #* ={C,/E*: Cyis an Ej-class}. Then F#* is a disjoint union of copies of '
one for each conjugate of C.

Any two members of F* are conjugate and in fact conjugate to any member
of #’. Thus we may speak of “dim(%*)” without ambiguity meaning d(%') = n.
Since |#'|=width(N)= (M) we have |F*|=|P/E,|-|F'|=|P/E,|- I(M).
Thus by choosing G'(I{{M), r(M),| P/E,|) sufficiently large we ensure that
dim(F*)=n > G{M),r(M),i) (i =|F*]).

By coalescing members of #* where appropriate we shall construct a pre-nice
family %~ attached to M such that | |=|%*|and d* (%) =dim(%*). To this
end we need the

Ciamm. If I I'EF* then cI'({I'})=.

PrROOF. By 7.4, cl' ({I'}) exists and its cardinality can be bounded in terms of
I(M). If ' {I') # @, then T = U{cl' {J}): ] € F*}. By appropriate choice of G’
we have

|T|=n>|F*| -sup{|cl'{T}):J € F*},
whence the sets cl'({J}), J € F*, cannot cover I Therefore cl'({1'}) = .

From the Claim if L I' € %* then I, I' are 0-definable indiscernible sets in
(M {L,I'})* and so we may speak of I, I’ being linked or unlinked. From 7.7,
being linked is an equivalence relation on #*. Recall that definable bijections
between linked sets are unique and hence the composition of the bijections
between I, and I, and between I; and I. will be the bijection between I, and L.
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Define E; € §(M”) (i <2) by
AdE ) =fidE?) (i <2),
aE; b=[(a/E¥)/EY and (b/E})/E? are linked],
aEi b=[aE; b, and a/E% and b/E* are mates in the definable 1-1
correspondence between (a/E3)/ET and (b/E$)/ET].

Let ™ ={Co/E{:Cy is an Eg-class}. The sets in % are indiscernible and
pairwise unlinked. Any two members of &~ are conjugate because the same is
true of #*. By 7.9, ¥ is a family of mutually indiscernible sets. The point here is
that we can name every member of %~ — the sets remain indiscernible because
“dim(% )" is large compared with | % |, and pairwise unlinked by 7.4. There-
fore % is a pre-nice family attached to M. We have also shown that
d"(F)> G(I(M),r(M),| F|) is guaranteed by appropriate choice of G'. By
11.1 we can suppose that ¥ is nice which completes the proof.

Let F"(M) denote {# EF(M): d(F)= n}.

LemMa 11.5. Let M €EH, b € M*, and n < w such that cl” ({b}) exists for all
F € F"(M). Let B=U{c1”({b}): F E F"(M)}. Then the number of conjugates
of b over B can be bounded in terms of |(M), r(M), n, and [b].

PrOOF. Without loss of generality we can suppose that n = F(I(M)) where F
is from 11.3. Thus the conclusions of 11.3 apply to F"(M) and will be used
without special comment below. We proceed by induction on m(b)=|G(b)|,
where

Gb)={FEF M):I9EF (M)[9=F & cI°(b}) # D]}

Let b = a/E,, where a € M*, k =[b], and E, € €(M"). Let P be the set of all
conjugates of a. For each ¢ € P let B(c) = U{cl”({c/E.}): F € F"(M)}. Define
E € €(M*) by

¢o E ¢i1=]co, ¢1 € P, B(¢o) = B{c1), and co/E., ¢/E.
are conjugate over B(c,)] (co,ci € M¥).

Let C, = a/E and N, = C,/E,. Then N, is a quotient structure of M* whose
elements are the conjugates of b over B. Supposing that [N, | is very large
compared with (M), r(M), n, and [b] we shall deduce a contradiction.

By 11.4 we obtain %, € F(N.) such that |%,|<w® and d(%.,) is very large
compared with [(M), r(M), n, [b], and | %, |. Elements of U %, are primarily
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represented by members of (N, )’ but can also be represented by members of
(C.Y. Thus there are E,, E, € €((M*)*) such that fld(E,) = fid(E,), for every
E,-class D there is a conjugate C of C, such that D C C?, and Eo|(C,)* and
E\[(C,) define a family %, of mutually indiscernible sets such that there is a
{C.}-definable bijection between %, and F.. Let #' be the family defined by E,,
E,.

Our aim is to construct a nice family %* attached to M* by coalescing linked
members of %’. Then we shall obtain a contradiction by showing that
cd”({bH#D and F* is equivalent to some F € F"(M) but not to any
F € F"(M) such that cI” ({b}) # . The first step is

Ciam 1. If '€ F,, and c EIE 4 E G(b), then cl'({c})=D.

Proor. Towards a contradiction assume the hypothesis but that cl”({c}) # @.
Fixing I' choose %, I, and ¢ so as to minimize m(c). We claim that cl"({I}) = &. If
not, let D = U{cI”{I}): € F"(M)}. Since cI* ({I}) # & and F € F" (M) imply
Y¥<F we have € G(b)—G(I), and so m(I)<m(b). By the induction
hypothesis the number of conjugates of I over D can be bounded in terms of
I(M), r(M), and n. Since I' = d(%.) is large it follows that cl"(D) exists and is
nonempty, whence by 10.2, cl'({d}) # & for some d € D. There exist 4" €
F*(M) and I"€ 9" such that 4<%" and d €I". Since cl*({d})#< and
FEF (M)imply 9" = %, we have ¥ € G(c)— G(d), and so m(d) < m(c). This
contradicts the choice of ¢ and completes the proof that cl"({I}) = &. It follows
that the sets cl"({c’}) (¢’ € I) cover I'. Hence the sets cl'({c'}) (¢’ € I') cover
I —cl'({I'}). Since N, is transitive the sets cI'({b'}) (b’ € N,) cover I'. From all
this it follows that the sets cl'({b'}) (b’ € N,) cover I which contradicts the
definition of N, and so completes the proof of Claim 1.

In order to be able to define %* we need
CLaM 2. IfIEF, and I' is a conjugate of I, then cI'({I'})=(.

ProOOF. Recall that %, is B-definable. Choose B’ such that {I',B’') is
conjugate to (I, B). Towards a contradiction suppose cl' ({I'}) # &. The number
of conjugates of I' over B'is | ¥.| =|%.|and |I| = d(%.) is very large compared
with | %, |. Hence cl' ({B}) exists and is nonempty. By 10.2, cl’ ({c}) # & for some
¢ € B’. But there exists 4 € F"(M) such that ¢ € U 4 and c1®({b}) # &. Thus
we have a contradiction of Claim 1 which completes the proof.

Recall that %' is the union of all families conjugate to %,. From Claim 2, if
LI'E %', then I, I' are 0-definable indiscernible sets in (M, {I, I'})* and so are
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either linked or unlinked. Now we construct &* from %' in exactly the same way
we constructed F from %* in the proof of 11.4. F* is a family of indiscernible
sets attached to M* and defined by E,, E, € €(M"Y). Any LI'€ F* are
conjugate and cl'({I'}) = . If I#I', then I and I' are unlinked. By applying 10.3
to I € ¥* with J C I a doubleton we see that the members of F* are mutually
indiscernible. Hence %* is a pre-nice family attached to M*. By 11.1 %* is a nice
family attached to M*, because d”(F*)=d(%.) is very large compared with
(M), r(M), and k.

Since any member of U &%, is represented by a member of (N). there
exist aq, a: € C, such that {a./E., a,/E.) represents a member of U%,. Let
b. = a;/E. (i <2). Then cI”=({bo, b.}) # &, whence cl®=({b,, b.})# D, whence
c1”'(bo, b,}) #D. By 10.2, oI’ ({(b})#D for some i<2. Since b,, b, are
conjugates of b we have cI” ({b}) # .

In the same way it is easy to see that there exists ¢ € M such that
17" {c}) #D. For any d € UZ* we can find co,ci €M such that {d}=
17" ({co}) N c1® ({c1}). Therefore we can find # € F" (M) equivalent to F*.

Finally, from Claim 1 it follows that no ¥ € F"(M) with cd”({bH#D is
equivalent to ¥*. Were there such an %, for any ¢ € U % we should have
I* € %* such that cl” ({c}) # . Hence ¢ and I'* could be chosen such that I* is
linked to I' € .. Then cl'({c}) # < and Claim 1 is contradicted by letting
% = #. This completes the proof.

LemMmA 11.6. Lete M€ H, ¥ € F(M), and n < w, such that d(%) < w for all
G e F (M) with F <% Then |F| can be bounded in terms of I(M), r(M), n,
and

max{d(9): Y€ F" (M), F < ¥}

PrOOF. Without loss of generality assume n is large enough so that = is
transitive on F" (M) and cl?({I}) exist for all I € ¥ and G € F"(M). We proceed
by induction on [{¢ € F"(M): ¥ < }| which is = [(M). We can suppose that a
bound on | 4| has already been computed for ¢ € F"(M) with F < %. Thus we
have a bound for |U 4|. Let I € F and

B=U{{l°({I}): 9€F" (M), F < 4}.

Since BCU{U%:9cF (M), <%} we can bound the number of pos-
sibilities for B. Once B is fixed the number of possibilities for I is bounded by
11.5. This completes the proof.

LemMMA 11.7. Let x ={xo, X1, X2, X3), L be a finite relational language, and
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& = {(pu(x), b1(x)) be a pair of quantifier-free formulas. There is an L -sentence
such that for any M € H(L), ¢ is a nice pair for M iff M E .

PrROOF. We can easily find an L-sentence # saying that there exist E,, E, €
&€ (M?) such that ¢, ¢, define E,, E,, fld(E,) =fld(E\), E, & Ea, and any two
Ey-classes are conjugate.

Let F denote the family {C/E, : C € M*/E,}. There is an L-sentence y saying
the following: there exists B, C U % (a € M) uniformly {a}-definable such that

(i) |B.NI|<|I|/8 for all I € %,

(i) if I €%, by, by €I are distinct, and

A ={a EM:Ba n{bn,b1}:®},

then there exists ao, @i, @, a3 € M such that b, = a,/E, = a..,/E, (i <2) and
tp(ao,allA)= tp(as, a.| A), and

(iii) if I € &, bo, b, € I are distinct, and b € (U %) —{b,, b} then there exist
ao, a; € M such that b =(ao, ai)/E, and B, N{bo, b} = (i <2).

Let ¢ =0 A x.

Suppose ¢ is a nice pair for M € H(L). Then M = ¢ because for B, we can
take cl* ({a}).

Suppose M € H(L) and that M F . Then ¢, ¢, define the family % attached
to M. Let by, by, I, and A be as in (ii). From 3.3, M is prime over A U {ai, a;+,}
(i =0,2). Since the mapping which fixes A point-wise and takes (ao, a;) into
(as, a») is elementary, by 3.4 there exists a € aut(M) with A C fix(a), @(ao) = as,
and a(ai) = a.. Thus {bs, bi} is strongly indiscernible over A. From (i), if
b € (U F)—{bo, bi} then b has a representative in A>, i.e. {bo, b)} is strongly
indiscernible over A U (U %)—{bo, b}).

It follows easily that if 1€ % then I— B, is strongly indiscernible over
{a}U B, U((U %) - I). Hence cl*({a}) exists for all a € M. It is now apparent
that conditions (i}-(v) in the definition of nice family are satisfied and that (vii)
holds when |J|=2. From the remark following the definition of nice family
F € F(M). Hence ¢ € ®(M). This completes the proof.

In conclusion we echo our opening remark. Fix n < w. With each a €M
associate B"(a) = U{cl”({a}): F € F"(M)}. Then | B"(a)| is bounded in terms
of [(M). Define E" € €(M) by

a0 E" a,=[B"(a5) = B"(a)) & tp(ao| B"(ar)) = tp(a: | B"(a))]

Then E" is O-definable and classifies elements of M according to their closures in
the members of F"(M). By 11.5 the cardinality of the E"-classes can be bounded
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in terms of (M), r(M), and n. We have introduced the parameter n because
sometimes it is convenient to exclude from consideration nice families of small
dimension.

12. Shrinking a structure

In the last section we studied nice pairs and the associated nice families of
indiscernible sets. Here we shall investigate in detail the notion of shrinking
which was touched upon briefly in the Introduction.

First we establish some notation. Let M € H, ¢ € ®(M), and m < du (P).
Let € F(M) be the nice family associated with ¢. Choose BC U %
such that |BNI|=m for all IE€ % Let M(¢, m) (also denoted M(Z, m))
be the substructure of M (i.e. the L(M)-substructure) whose universe is
{aeM:c1*({a})C B}. If there is no a €M such that cl*({a})C B, then
M(¢, m) is undefined. Since ¥ is a strongly mutually indiscernible family any
two possibilities for M (¢, m) are conjugate regarded as subsets of M.

The structure M (¢, m) is said to be obtained from M by a one-step shrinking ;
m is called the target dimension.

A substructure N C M is called homogeneous if it is full and for every
a € aut(M) and finite A C N such that a (A)C N there exists 8 € aut(M) such
that B1TA =alA and B(N)=N.

Observe that, if N is a homogeneous substructure of M € H, then N is
homogeneous for L (M). But the converse is not generally true when N is
infinite.

LemMa 12.1. Let MEH, ¢ €eP(M), F € F(M) be the associated nice
family, m <du(¢), and M' = M(P, m) exist. Then M’ has the following
properties :

(i) M’ is a homogeneous substructure of M.

(i) M is prime over M'.

(i) Two tuples in M' are conjugate in M' iff they are conjugate in M.

(iv) Every automorphism of M' extends to an automorphism of M.

(v) If @ €M, then tp(a) is realized in M' iff

[U{cl'{a}):a Emg@alism (JT€F).
(vi) If a € M™* is an equivalence class of k-tuples from M and m is large

enough compared with k and (M), then a € (M')* (more precisely, a has a
representative in M) iff cI*({a})C B.
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ProOF. (i) Let ACM', |A|<w, a €Eaut(M), and «a(A)CM'. Let C=
Ufcl*({a}):a € A}. Then C C B, |C|< w, and a(C)C B. By considering each
I € F separately we can find o € perm(U %) such that o(I)=1 (I € %),
ala(C) is the identity, and [o(a U F)](B)=B. By 11.2 there exists
v € aut(M) extending o with {a € M :cl®*({a}) C a(C)} C fix(y). If a € A, then
{e1*{a(a)}) = a(cl®*{a})) C a(C). Hence a(A)C fix(y) and (ya)(B)= B. Let
B =ya €aut(M). Then Bl|A =alA and B(B)=B. From B(B)=B it is
immediate that 8(M')= M', so we are done.

(i) Regard M’ as a subset of M. Let N be a model of Th(M) prime over M".
Since M € C there exists an isomorphism « : M — N. Let § = a (%) be the nice
family associated with ¢ attached to N. By construction of M', for each I € %,
Ufcl'{a}):a €M’} =1NB has cardinality m. Since N can be found as an
elementary submodel of M, |U{cl’({a}):a EM}|=m for each JE Y Let
C=U{V{a}):aeM JEY.Ifa €EN—M thencl®({a})Z C again because
N can be found as an elementary submodel of M. Using C to construct N(¢, m)
we have N(¢,m)=M’'. Since N is prime over M'= N(¢,m) and M, N are
isomorphic, we are done.

(iii) This is an obvious consequence of (i).

(iv) This is immediate from (ii) and 3.2.

(v) Let a€M and C=U{cl”{a}):aE€mg@). If [CNI|=m for all
I € % then B for the construction of M’ can be chosen D C. Hence M’ realizes
tp(a). If |C N I|> m for some I € F, then for any d € M conjugate to a there
exists JE€ % such that |U{cl’({a}): a Erng(d)}|> m. Thus, for any d EM
conjugate to d,d € M’. This is enough.

(vi) Let b € M* be a representative of a € M* and suppose m is large
compared with /(M) and k. Clearly, cI”({a}) C cl” (rng(h)). If b € M’, by 10.2 we
have cl” (rng(h)) C B, whence cl*({a}) C B. Now suppose cl*({a}) C B. Since m
is large compared with I(M) and k, |cl” (rng(h))| = m by the argument used to
bound cl'({a}) in 7.4. Since ¥ is a nice family, there exists & € aut(M)such that

a(cl®(ng(b)))C B and {a}Ucl”({a})C fix(a).

Then a(b)E M’ is a representative of a.

LEmMMA 122. Let M €H, ¢ ED(M), m < du(P), and M’ = M (¢, m) exist.
Then M’ has the following properties:

(i) Let 0(x) be a formula of L(M) and m be large enough compared with I{M)
and 1(6(X)) the length of 6(x). For all a € M’ with I(@)=1(x), M 6(a) iff
M'E 6(a).
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(ii) If m is large enough compared with (M), then I(M)=I1(M"), M) =
DM, =y ==u and Sy =Sy,

(iii) r(M')=r(M) and equality holds whenever m is large enough compared
with I(M) and r(M’).

PrOOF. (i) We proceed by induction on the formula 6(x). The only nontrivial
case is that in which 6(x)is Ayys(%, y). Let 4 € M’ and suppose M k= 6(a). Then
there exists b € M such that M = (a, b). Provided m is large enough compared
with [(M) and [(x), |c1” ({b} U rng(a))| = m. Since ¥ is a nice family, there exists
a € aut(M), such that

a(c{p))CB and {a}uc”{a})Cfix(a).

Now a(b)eEM’ and MFE¢(a,a(b)). By the induction hypothesis
M’k yi(a, a(b)). Hence M’k 6(a). Using only the induction hypothesis, we see
that, if M’k 8(a) is given, then M = 6(a).

(ii) This follows from (i). The only tricky part is showing that “¢ € ®(M)”
can be expressed by an L(M)-sentence which was done in 11.7.

(iii) Looking back at the definition of rank in §4 one sees that r(M)=r>0
means that a certain tree of 1-types of height r exists. To verify such a tree we
need a witness for each of the 2" branches and a subset of M of cardinality at
most a(M)— 1 for each of the 2" — 1 nodes. Thus the rank of M is witnessed by a
subset A of M of cardinality at most

(@a(M)—1)- @™ —1)+27™ < a(M)-2'™.

The subset A’ of M’ witnessing the rank of M’ witnesses that M has rank
= r(M’). Also, if r(M)>r(M') and m is large enough compared with /(M) and
r(M’), then M’ includes some subset which witnesses that r(M')>r(M’),
contradiction.

Before stating the next lemma we need further terminology. Let M, ¢, m, and
M' be as in the previous lemmas. Let ¢y € (M)NP(M’) and 4 € F(M),
%' € F(M') be the nice families attached to M, M’ respectively which are
associated with . The injection of M’ into M gives rise to obvious canonical
embeddings of U ¥’ into U ¥ and of ¥ into 4. If b €U ¢ is the image of
b’ € U ¥’ under the canonical embedding then we say that b and b’ correspond.
Similarly, if I € 9 is the image of I' € ¢’ under the canonical embedding we say
that I and I' correspond. The canonical embedding of U 4’ into U 4 restricts to
a canonical embedding of I' into I



Vol. 49, 1984 COUNTABLE STABLE STRUCTURES 121

Lemma 123. Let M, i, m, and M’ be as in 12.1, 12.2. Let gy EP(M)N
D(M') and § € F(M), §' € F(M') be associated with . Let I € 4 correspond to
I' € 9'. Provided that m is sufficiently large compared with [(M) the following
relationships hold between M and M':

(i) The canonical embedding of U 4" into U G is a bijection iff ¥ £ .

(ii) The canonical embedding of 4’ into 9 is a bijection iff Y Zu .

(iii) If Yr# ¢ the canonical embedding of I' into I is a bijection and du- () =
du ().

(iv) If ¥ = ¢ the canonical embedding of I' into I has range B NI where
B C U F is the set chosen in constructing M.

v) If ¥ = ¢ then du () =m.

(vi) If a € M, then cl%({a}) is the image of cl¥({a}) under the canonical
embedding of U %" into U %.

ProOF. Let ¥ € F(M), '€ F(M’) be the nice families associated with ¢.
We assume that m is large compared with [(M) so that 11.3 (i), (ii) and 12.2 (i),
(ii) are available.

(i) Suppose ¥ =nd, ie. 4 =F Then cl” ({(b})# D for all b €U 4 Choose b
such that cI”({b})C B, then b has no representative in (M')’, whence no
b’ U ¥’ corresponds to b. Now suppose $Z %. Forany b € U 4, cl” {b}) = 2.
Therefore b has a representative (ao, a\) € M” such that cI*{a.})C B (i <2).
Thus a; €M’ (i <2). The element b’ of U 4’ represented by {(a,, a,) corre-
sponds to b. Hence in this case the canonical embedding of U ' into U 4 is a
bijection.

(ii) Suppose ¥ <m ¢, i.e. 9 <% Consider b € L. We have cI”({b}) #J. Let
J € F be such that cl’ ({b}) # . From 11.3 (ii)) FZ ¥ and from 11.3 (iii) I is
strongly indiscernible over U %, whence cI'({J}) = &. If ¢l ({I}) = &, then I and
J are linked in (M, {I, J})* which contradicts £ 9. Therefore cl’ ({I}) # & and
we can choose I, € 4 such that c1” ({I,}) € B. Then I, has no mate in ¥, i.e. the
embedding of ¥’ into ¥ is not onto. :

Suppose =y, i.e. 4= F. Then cl”({J}) =D for all J €Y, whence every
J € % has a mate in 4.

Suppose ¥ £r b. Then the embedding of ¥’ into ¥ is a bijection by (i).

(iii) This is clear from (i) if ¥ Zum¢. Thus suppose ¥ =y . From 11.3 (ii),
F#£ %9 and from 11.3 (iii), I is strongly indiscernible over U %, whence every
b €1 has a mate b’ €I'. This is enough.

(iv), (v). These are clear from the construction of M'.

(vi) Let a € M’ and a,, a: € (M'Y represent bo, b, € I and b4, b} € I'. We can
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construct a formula 6(x,, ..., xs) of L{M)such that, in M, 8(a, ao, a;) means that
tpm (@, bo) =tpum{(a, b1). By 12.2 (i), M k= 8(a, a., a,) ifft M’ 6(a, ao, a,). Thus b,
b, realize different types over {a} in M if by, b1 realize different types over {a} in
M. Now cl'({a}) is the union of the “small” classes when I is partitioned by the
equivalence relation of realizing the same type over {a}. Therefore cl'({a}) is
mapped into cl’({a}) under the canonical embedding of I' into I Also there is a
sentence fixing the number of “small” classes in the partition of I by {a} and the
cardinalities of these classes. Hence cl'({a}) is taken onto cl'({a}) by the
canonical embedding.

Let n =|cl*({a})]. Recall that n is bounded in terms of /(M). There is a
formula 6(x) of L(M) such that, in M, 8(a) means n =[cl*({a})|. By 12.2 (i),
M'E 6(a) since M F 0(a). Hence [cI*({a})|=n =|c*{a})|. Since cI*{a}) =
U{cl"{a}): I € 4} and similarly for G’ and I’, c1¥({a}) is mapped onto c!?({a})
by the canonical embedding.

We now investigate the effect of iterating one-step shrinking. We first consider
the case in which both one-step shrinkings are with respect to the same nice pair.

LEMMA 12.4. Let MM'€H, ¢ €PM), m'<m <du(p), and M' =
M(d, m). If m is large enough compared with [(M), then ¢ € &(M"), M(P, m’)
exists iff M'(¢p, m’) exists, and if both exist then they are conjugate as subsets of M.

Proor. From 12.2 (ii) ¢ € D(M'). Let # € F(M), F' € F(M’) be associated
with ¢. Let B, B’ C U & be the sets chosen in the construction of M, M (b, m’).
Choose B’ C B. From 12.3 (ii), (iv) there is unique B”C U %’ mapped onto B’
by the canonical embedding of U %' into U %. Since |B"NI|=m’ for all
I€% we can use B" to construct M'(¢p, m’). Certainly M(¢p,m’)C M.
Consider a € M'. By 12.3 (vi), clyr({a}) is mapped onto clf({a}) under the
canonical embedding of U % into U % Hence a € M'(¢p, m") iff a € M(p, m").
Thus for the given choice of B, B’, B” the structures M (¢, m') and M'(p, m’)
are actually equal. From 12.1 (iv) any automorphism of M’ extends to an
automorphism of M. It follows that any two possibilities for M'(¢, m’) are
conjugate in M.

If ¢, ¢ are nice pairs for M which are equivalent, then a one-step shrinking
with respect to ¢ is the same as a one-step shrinking with respect to ¢». We now
consider inequivalent nice pairs ¢ and ¥ and the effect of shrinking first with
respect to one and then with respect to the other.

Lemma 12.5. Let MEH, ¢, $ EPM), P #uif, m <du(d), and n <
du (W). If m, n are large enough compared with [(M) then (M (¢, m))(¥, n) and
(M(, n))(d, m) both exist and are conjugate as subsets of M.
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REMARK. Intuitively the lemma says that provided the “‘target” dimensions
m, n are large enough compared with /(M) the order in which we perform the
one-step shrinkings does not matter.

ProOF. Let % % € F(M) be associated with ¢, § respectively. Let 4'€
F(M(d, m)), F' € F(M(i, n)) be associated with s, ¢ respectively. From 12.2
(ii) we can assume that ¢ € D(M(p,m)) and ¢ € D(M(¢P, n)). Choose
BC U such that |[BNI|=m (I€%) and CCU ¥ such that |CNI|=n
(I €9). Let C’ be the preimage of C under the canonical embedding of U ¥’
into U ¢, and B’ be the preimage of B under the canonical embedding of U %’
into U%. By 12.3 (iii), [B'NI|=m (I€%) and |[C'NI|=n (IE%¥). Let
M, = (M(¢, m))(ifp,n) be constructed by using B and then C'. Let M, =
(MY, n))(dh, m) be constructed by using C and then B’. By definition of
one-step shrinking and 12.3 (vi)

aEMy=a€EM(d,m) & cl“{a})C C’
=c*{a))CB & c*({a})C C

By symmetry M, = M,. But by the same argument as was used in the proof of
12.4 any two possibilities for M; (i <2) are conjugate as subsets of M so we are
done.

We recall some definitions from the Introduction. The one-step shrinking
which yields M’ = M (¢, m) from M is called normal if ®(M')=D(M), =y =
=~p, du (@)= m, and dy () = du () for all € ®(M) such that ¢ # . We
say that N is obtained by shrinking M if N can be obtained from M by a finite
sequence of normal one-step shrinkings. We say that N is obtained from M by a
smooth shrinking if for every d :®(M)—w such that dv=d =dy and
d & {dm, dn} there exists M’ such that du = d, M’ is obtained by shrinking M,
and N is obtained by shrinking M.

LemMA 12.6. (i) Any one-step shrinking of M € H is normal if the target
dimension is sufficiently large compared with 1(M).

(i) If N € H is obtained by shrinking M € H, then that shrinking is smooth
provided all the target dimensions in the passage from M to N are sufficiently large
compared with 1(M).

Proof. (i) Immediate from 12.2 (ii) and 12.3 (v).
(i) This is clear from 12.4 and 12.5 because any such shrinking can be viewed
as a sequence of normal one-step shrinkings each of which reduces one of the
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dimensions by exactly one. These one-step shrinkings can be rearranged in any
order without the resulting structure changing.

13. The basic stretching lemma

In the last section we discussed a way of shrinking structures. We would like to
show that in certain circumstances the shrinking process can be reversed in a
unique fashion. More precisely we want to show that if M € H, ¢ € $(M), and
M' = M(¢, m) then the isomorphism type of M over M’ is determined by the
triple (M', ¢, du ()). Here we shall solve this problem in the simplest case, i.e.
where the nice family ¥ € F(M) associated with ¢ is a singleton.

We introduce some terminology appropriate to this special situation. Let M
be an L-structure, where L is a finite relational language but M is not
necessarily homogeneous for L. Let x = (xo, X, X3, X3). A quantifier-free L-
formula (x) is called nice for M if there exist ¢ = (¢, ¢:;) € P(M) and an
indiscernible set I C M* such that = ¢, and {I} is the nice family associated
with ¢. The indiscernible set I is called a nice indiscernible set attached to M. We
say that I is defined by the formula (x). The index i(I) of I is defined to be
sup{|cl’'({a})|: a € M} and is assumed to be finite. We also call i(I) the index of
Y in M and write it iy ().

The set of nice formulas for M will be denoted (M) and the set of nice
indiscernible sets attached to M will be denoted I(M). The notion of equiva-
lence for nice formulas is analogous to that for nice pairs and is also denoted =,.

Previously in the Introduction and §11 and §12 we considered nice pairs and
nice families only in the context of homogeneous structures. However the same
definitions make sense for any L-structure. If (x) is a nice formula for the
L-structure M defining the nice indiscernible set I, then we write du ()=
d(I)=|1| and call this the ¢-dimension of M and simultaneously the dimension
of L

Let M be an L-structure, ¢ be a nice formula for M defining a nice
indiscernible set I, and m < du (). By M(y, m), and also by M (I, m), we denote
the substructure of M whose universe is {a € M : cl'({a}) C B}, where B C I has
cardinality m. Since there are many choices for B, M(y, m) is not unique if
m > (0. However, any two possibilities are conjugate in M, because I is strongly
indiscernible.

We shall now formulate the analogue of 12.1 for the present context. Recall
that a substructure N C M is homogeneous if it is full and for every a € aut(M)
and finite A C N such that a(A)C N there exists 8 €aut(M) such that
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BlA=alA and B(N)= N. Recall that NC M is a full substructure if for
every relation R 0-definable in M of any arity the restriction of R to N is
O-definable in N. In §12 we were assuming that M € H in which case a
substructure is automatically full. The following is obtained by essentially the
same argument as 12.1. Recall that P is the class of structures for which the given
language and the canonical language are equivalent.

LemMma 13.1. Let M € P be w-stable, y € ¥(M), I € (M) be defined by ¢,
m <du (), and M'=M(y, m) be a full substructure of M, then M' has the
following properties :

(i) M' is a homogeneous substructure of M.

(i) M is prime over M.

(i) Two tuples in M’ are conjugate in M' iff they are conjugate in M.

(iv) Any automorphism of M' extends to an automorphism of M.

(v) If a €M, then tp(a) is realized in M' iff

|Ufcl'a}): a Erng(a)}]| < m.

Let MEP, ¢y €V(M), and I € I{(M) be defined by . If M'C M is a full
substructure, v (¢)=im(¢), M'=M(p,m) for some m <du(¥), and
I' € I(M’) is defined by ¢, then we say that M’ is obtained from M by shrinking I
to I'. Simultaneously we say M is obtained from M' by stretching I’ to I

Before passing to the main result of this section we make one observation

whose proof is left to the reader. Clause (v) in the definition of nice family is used
here.

Lemma 132, Let M'E€P and I, I} be equivalent nice indiscernible sets
attached to M'. If M € P is obtained from M’ by stretching I}, to I,, then there exists
I; such that M is also obtained from M' by stretching I} to I,.

We now come to the fundamental lemma on stretching.

LEMMA 13.3. Let L be a finite relational language, M' € H(L), y € ¥(M"),
and

i (¥) - max{a(M'),8} = du(¢)/3 < w.
For every k, du () < k = w, there exists an w-stable structure M € C (L) such that
b EVM), in(¥) =i (), du(¥)=k, M'=M(,du($)), and M' is a full

substructure of M. Further, the isomorphism type of M over M' is uniquely
determined by k.

Proor. Let I' € I(M’) be defined by . Let 15 C I{ C I;C I’ be chosen such
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that | I5] = mn, | I{| = (m + 1)n, and | I}| = 2mn, where m denotes max{a (M"), 8},
and n denotes in(). Denote mn by L Let I1—I;={bi:i<n}and I} I} =
{b.:i<l}.Fori<3let M;C M'be the homogeneous substructure defined by

Mi={aeM’ :cI"{a})C I}.

Let It C (M})* be defined by ¢, i.e. I* = (My/E: where E; € €((M})’)is defined
by ¢. There is a canonical embedding of I% into I' which is onto I;. It is easy to
see that I'T € I(M}). For i <j <3 there is a canonical embedding of I* into I*.
Let the range of this canonical embedding be denoted I.

The idea of the proof is as follows. We find a way of reconstructing the
permutation group aut(Ms, {I52}) from aut(M1, {I}}). This gives a natural way of
stretching the nice indiscernible set I% — I, attached to (M3, {I;,}). Let Ni
denote the structure obtained from (M5, {I},}) by stretching I% — I}, to a set of
power k,l < k = w. For this stretching (M}, {I;,}) is given its canonical language
which is also the language of N, although N, may not be homogeneous for it as
far as we know. Every m-tuple in N, is conjugate in N, to an m-tuple of M.
Hence there is a unique quantifier-free way to define L = L(M') in L(Nx) so
that M; is a reduct of a substructure of N,.

We show that if w-stable M € P(L)is obtained from M: by stretching I3 to a
set of power [ + k, then there is an isomorphism between M and Ni | L which is
the identity on M;. This basic uniqueness result is Claim 10.

Let N, denote (M3, {I5.}). In L(N,) there is a quantifier-free formula 0 (xo, x:)
such that N, E 0(ao, a:) if (a0, @) € (M4Y represents a member of I5,. Then the
formula y = ¢ A 0(xo, X1) A 6(x2,x3) is nice for N, and defines I, as a nice
indiscernible set attached to N;. Let Ju C NI be defined by . Then the canonical
embedding of I;; into J, is a bijection. Let I, C N} be the set defined by ¢ which
is attached to Ny, i.e. I = (Ni)*/E where E € €((N.)) is defined by .

From the way Ni is built it is clear that N;, Ny., ... can be chosen so that they
form an ascending chain. Let My = N [ L (k >1). Then (M, : I = k < w) is an
ascending chain of L -structures.

The next step is to show that if | =j=k, a €aut(M,) and «(J;)=J, then
there exists 8 € aut(Ny ) such that 8 D «. From this we deduce that M, € C and
M, is w-stable. The same is true for Ni.

We also show that I, is a nice indiscernible set attached to M, and that
i(I.) = n. To this end we observe that J; is indiscernible in N} and cl’x({a}) exists
for all a € N.. Let My be the reduct to L of the substructure of Ny, with
universe

{a € Newi i clni({a}) =)



Vol. 49, 1984 COUNTABLE STABLE STRUCTURES 127

Then M, and M, are isomorphic by Claim 10. The desired conclusion about I,
follows easily.

For | =j < k let I, denote the range of the canonical embedding of ], into I.
Then

M, ={a € My : cli;,({a}) C Lu}.

Hence for any « € aut(M, ) and finite A C M; such that «(A)C M; there exists
B € aut(M,) such that ] A =a | A and B(M;) = M;. We also show that every
a € aut(M,) extends to B € aut(M,). We conclude that (M1l =k <w) is a
homogeneous chain and that automorphisms extend upwards.

The conclusions of the lemma follow easily. The given M’ can be identified
with Mj;—, and then M, _; will do for M. Let N be another possibility for M, then
Claim 10 yields an isomorphism « : N — M with M; = M, C fix(a ). There exists
B € aut(M) such that M’ C fix(Ba) and so we finish.

We now begin to carry out the proof plan just sketched.

Cramm 1. For i <3 every a € aut(M’) has an extension in aut(M'), and for
I <j<3 every a €aut(M’) has an extension in aut(M).

ProOF. Immediate from 12.1 (iv) since M' € H(L) and the M/ are obtained
by shrinking.

For w C | with |w|=n define
Aw)={@aeM {b:iew}Cc'{ahCIiU{b,:i Ew}.
Then {A(w):w C I |w]|=n} is a partition of M5 and A (J)= M. Let

Aw)=U{A®@®): 0 S w},
Aw)=U{A@):vCL|v|=|w]|, and v# w}.

The key to the whole proof is

CiamM 2. If wCland |w|=n, then
auty (A (w), Ao(w)) = auty, (A(w), Al(w)).

Proor. Recall that for A, B C M by auty (A, B) we denote the set of all
1 € perm(A) such that for some a € aut(M), # Ca and B Cfix(a). If w =
the conclusion is immediate, so suppose w# .

Consider a € aut(M’) such that a(M3:) = M3, a(A(w))=A(w), and Ay(w)C
fix(a ). Every member of I} has a representative in A((w ). Hence I C fix(a). If
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|w|>1 every member of {b):j € w} has a representative in A.(w)’, whence
{bj:j Ew}Cfix(a). If |w|=1 then w ={j} for some j <! and b} € fix(a) since
a(A(w))= A(w). Thus in any case I;U{b}:j € w}C fix(a).

Letao,...,ai € Ai(w)wherei <mandleta,...,a...EA(w).Fori=h<
m

{pi:jewtCd (ap) CIU{b;:jEw},
and so cl'({a(an)})=cl"({a.}) for i =h <m. Let
Bo=U{c"{a}):i=j<m}=U{d"a(a)}):i=j<m)

Then BoCI;U{bj:jEw} and |Bo|=(m —i)n. Let B,=U{c"{a;}):j <i}.
Then B, CI;U{b):j<I} and |B;|=in. There exists 7 & perm(I') such that
w(I3) = I;, BoC fix(w), and 7 (B, —{b}:j € w}) C I{. Since I' is a nice indiscern-
ible set, by 11.2 7 can be extended to y € aut(M’) such that a;, @ (a,) € fix(y) for
i =j<m.Since y(I:) = I3, y[ M€ aut(M}). Since y(B,—{b;:jEw})C I and
{bi:jEw}CHix(y). y(a)€ Ao(w) for j <i. But Ay(w)C fix(a) and so

tp(v(a(l), ey ’Y(GH), ais ..., am—l) = tp(Y(ao), ey 'Y(a.‘fl), a(a,-), Ceay a(amq)).
Applying y~' we obtain
tp(ao, e Qi1 Ay e a am,l) = tp(a(), [/ TN a(a,), ey a(amfl)).

But ao,...,a—- are arbitrary in A(w) as are a;,...,a.-; in A(w), and
a(M'")= m. Therefore for any tuple ¢ € A(w), tp(¢C lAl(w)) = tp(a(c')IAl(w)).
Now A(w)U A (w) is O-definable in (M')*,I;) and the map = fixing each
element of Ai(w) and agreeing with a on A(w) is elementary with respect to
this model. By 3.4 7 extends to 8 € aut(M’, I3). Since B | M; € aut(M?3) we are
done.

Claim 2 enables us to show that in a sense the permutation group
aut(M3,{15,}) is coded in aut(M1{,{I.}).

If wCland o:w—1[ we write ¢ T to mean that o is strictly increasing. We
shall construct a family

a(w,c(w):Aw)—>A(c(w)) (WCL|w|=no:w—lLando 1)
of bijections such that for all such w and o
a(w,a(w))(b)=bly (i€w),

a(w,a(w))=alcw).|w]) a(w|w]),
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and the map
Bw,a(w))=Ula(u,a(u)):u Cw}

can be extended to an automorphism of M.

The construction proceeds by induction on |w]. Let a(J,<) be the identity
on A(Q). Now fix w C ! and o : w — [ such that |w|=n, w#J, and o 1. For
induction suppose that a{u, 7(u)) has been defined for all (u,7) with u C,
|u|<|w|,7:w—1andr1,suchthat a(u, 7(u)) = a(r(u),|u|) " a(u,|u])and
for all (v, w) with v C I, w:v— 1, and 7 1, the map

Ufa(u, m(u)):u Cov and |u|<|w]}

can be extended to an automorphism of M:.

If w=|w]|let a(w,}w]) be the identity. Otherwise let 7 : w—|w| be the
unique map such that = 1 and let y € aut(M3) extend a(u, w(u)) for all u & w.
Let y'€aut(M') extend 7y. Suppose |w|>1 and iEw, then «a(J,J),
a({i}, {m (i) C v, whence y(A({i})) = Adw(i)}) and y(A (D)) = A (D). Thus in
this case y'(b})= b, for all i € w. Now suppose |w|=1. Since I' is a nice
indiscernible set there exists y” € aut(M’) such that y"(b})=b.s (i€ W),
y"(I3)=I., and A (D) C fix(y"). We have y"| M3 € aut(M}) and so y"| M3} is a
possible choice for ¥ and y" is a possible choice for y'. Hence whatever | w | is we
can assume y'(b}) = bl (i € w). It follows that y(A(w))=A(|w]).

Define  a(w,|w|)=ylA(w) and generally let a(w,o(w))=
a(a(w),|w|)a(w,|w]). From the definition it is clear that B(w,|w|)Cy
can be extended to an automorphism of M. Hence B(w,o(w))=
Blo(w),!w|)"'B(w,|w]) can also be extended to an automorphism of M;.

To complete the induction step fix v €/ and 7 : v — [ such that = T . We must
show that

Ufa(u, 7(u)):uCv and ju[=|w]}

can be extended to an automorphism of M;. Let 8 € aut(M:) extend a (u, w(u))
for all u C v with |u]<|w]|, and 8 €aut(M’') extend 8. Suppose |v|=|w],
otherwise there is nothing to prove. If |w|>1 we automatically have §'(b}) =
b)w (i Ev). If |[w|=1 we can choose & and §' so that the same is true. In any
case we obtain 8(A (u))= A(m(u)) for all u Cv. For u Cv with |u|=|w| let
E(u, m(u)) € aut(M}) extend B(u, 7(u)). Notice that Ag(u) C fix(8 ' é(u, w(u))).
From Claim 2 there exists n € aut(M;) such that A,(u)C fix(n) and n agrees
with 8 '&(u, w(u)) on A (u). Then &n agrees with § on A,(u) and hence on A (t)
for all t C ! such that [t|=|w| and t# u. Also 8n agrees with &(u, w(u)) and
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hence with a(u, w(u)) on A(u). Repeating this process once for each u C v,
|u|=]|w|, we can find 6* € aut(M5) such that * | A(u) =8 A(u)forallu Cv
with |u|<|w]|, and 6* A(u)=a(u, m(u))[ A(u) for all u C v with |u|=|w]|.
Since 8* is just the kind of automorphism required the induction step is
complete and so is the definition of the maps a(w, o(w)).

The amount of freedom in the definition of the maps a (w, o(w)) is inessential
in the following sense.

Cramm 3. Let a(w,o(w)) and a'(w,o0(w)) WCL |w|=n, c:w—1 and
o 1) be two possible families of bijections satisfying the requirements laid down
above. There exists y € aut(M3, Mo U I%) such that

a'(w,a(w))=(y ' a(w,a(w))y)l A(w)

forallwCland o:w— 1l with |w|=nand o 1.

PrROOF. Since a(w,o(w))=a(a(w),|w|) a(w,|w|) and similarly for
o' it is sufficient to find y €aut(Mj MU I%) such that o'(w,|w|)=
(a(w,]w|)¥)I A (w) for all w C [ with |w|= n. Further taking w = JJ it is clear
that «a (J, &) and a'({J, D) are both the identity on M. Define y € perm(M3) by

YIAW)=a(w,|w])'a'(w,|w]) (wCL|w|=Zn).
Then y [ Mj is the identity. Let
Alil=U{Aw):wClL|w|Zj} (=n).

By induction on j we show that y [ A[j] can be extended to an automorphism of
M for all j = n. This induction is similar to the previous one so we omit the
details. Since A[n]= M5 we have y € aut(M3). Since y(A (w))= A(w) for all
w C 1 with|w|= n, y | I} is the identity. This completes the proof of the claim.

We are still working towards the reconstruction of aut(M;,{I;}) from
aut(M1,{I.}). For i <n let b;; denote the preimage of b under the canonical
embedding of I into I'. For i <! let b, denote the preimage of b; under the
canonical embedding of I3 into I'. The next step is to define a family vy,
(7 € perm(n)) of automorphisms of M1 such that A (J)C fix(y.) and v, (b.) =
b for all i < n. The definition of v, | A(w), w C n, proceeds by induction on
|w| simultaneously for all 7. For |w| =0 let v. | A(J) be the identity and for
w ={i} where i<n let v, A{i}) be a({i},{w(i)}). For induction suppose
1<j=n, vy. has been defined on A[j—1]NMi for all =, and
v 1 (A[j —1]N M1) has an extension in aut(Mi). For 7w Eperm(n) let 8 €
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aut(M)) extend vy. [(A[j —1]N M}). Then we define vy, ] A(j)=8[A(j). For
7 € perm(n) and arbitrary w C n with{w|=jleto:w—j, 7: 7 (w)— j be the
unique strictly increasing bijections, and let p € perm(n) be defined by

pli=@mo )lj& {i:j=i<n}Cfix(p).

Notice the way in which p depends on w and & since this will be important
below. Define

#) Y- T AW) = (a(f, m(w))ya (w, )T A(w).
Observe that (#) holds when j =0, 1 and so for induction we can assume that (#)
holds when j is replaced by any k < j, w by any v C n with |v| =k, and p by the
appropriate permutation found from v and 7.

To see that this definition of v, | A(w) (w C n,|w|=j)is appropriate we first
verify that for u G w

*) Y= LA @)= (B, m(w))v.B{(w, NI A(u).
(Note that (#) says (*) holds for u = w.) Let |u| = h and ¢ € perm(n) be defined
from u and 7 as p was from w and 7. By the induction hypothesis

Y T A(u) = (a(h, m(u))ye(u, h))I A (u).

Let v = o(u). The permutation defined from v and p as p was from w and 7 is
again & (We leave the reader to check this for himself.) Again by the induction
hypothesis

Yo T A(v) = (a(h, p(v))yix(v, R)[ A(v).

Consider the right-hand side of (). By definition of B(w,j), B(w,j)| A(u)=
a(u,v). Next y, maps A(v) onto A(p(v)), and B, m(W)I A(p(v))=
a(p(v), w(u)) by definition of B(j, m(w)) remembering that p|j = (rmo )] }j.
Thus the right-hand side of (x) can be written

a(p(v), m(u))voa (u,v).

When we substitute for y, this becomes

a(p(v), m(u)a(h, p(v))vea (v, h)a(u,v).

But a(w, y)a(x, w) = a(x, y) for all admissible arguments x, y, w, and so the last
expression is equal to that for y. | A (u) given by the induction hypothesis. This
completes the verification of (*).

From (*) y. [ (A(w)U Ao(w)) can be extended to an automorphism of M’
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because this is true of B(j, mw(w)), v,, and B(w, j). Claim 2 allows us to deduce
that v, [(A[j]N M) can be extended to a €aut(M’). But y.(A{i})=
A({m(@i)}) and so a(b}) = b/ for i <n. Hence a(Mi)= M| which shows that
v» [ (A[j] N M) can be extended to an automorphism of M. This completes the
induction step and confirms that the desired family v, (7 € perm(n)) of
automorphisms of M; can be found.

CLAM 4. There is a unique family vy, (7 € perm(l)) of automorphisms of M,
such that

(#) Y- TAW) = (a(, m(w))ya(w, j)IA(w)

for all w €perm(l) and w C !l with |w|=j=n, where p € perm(n) is defined
from w and m as above.

Proor. Since Mj=U{A(w):w C I |w]|=n} the relation (#) defines the
maps . (7 € perm(/)) explicitly. To see that vy, € aut(M;) we repeat virtually
the same argument we used to show that vy, € aut(M;) for o € perm(n).

CLaM 5. Let @ € perm(M3}) and a(A(w))=A(w) forall w C I, with |w|=
n. Then a €aut(M;) if and only if the map B(w,|w|)aB(|w|,w) has an
extension in aut(M}) for all w C 1 with |w|=n.

PROOF. Let a € aut(M}) satisfy the hypothesis. Then B(w,|w|)aB(|w]|, w)
maps A (]w|)U A(]w|) onto itself and can be extended to y € aut(M}) since
each of the three terms in the product can. By Claim 1, y extends to
y' € aut(M’). For all u C|w|, B(w,|w|)aB(|w|, w) maps A(u) onto A (u),
whence y'(b})=b'% for i =|w| and y(I{)=I,. Since I' is nice there exists
8 €aut(M’) such that 8y'[I' is the identity and A (Jw]|)U Aq(|w]) Cfix().
Now &y’ M| € aut(M}) and 8y’ D B(w,|w|)aB(|w|, w) so that “only if” part is
done.

For the rest let «a €perm(M;) satisfy: a(A(w))=A(w) and
B(w,|w aB(|w],w) has an extension in aut(M}) for all w C/ with |w|=n.
Any automorphism of M, can be extended to an automorphism of M.
Therefore B(w,|w|)aB(]w|,w) has an extension y € aut(M3). Since

«a f(A(W)UAo(W))"—‘ﬁ(IWI,W)’YB(W,|WI),

a[(A(w)U Ag(w)) has an extension in aut(M;). Using Claim 2 we see by
induction on j that a [ A[j] has an extension in aut(M;) for all j = n. Taking
j = n we are done.



Vol. 49, 1984 COUNTABLE STABLE STRUCTURES 133

We conclude that given the mappings a(w,|w|) (w C/, |w|=n) and the
permutation group aut{M},{I;,}) we can reconstruct aut(Ms,{Ii.}), because
Claim 4 gives us the family of automorphisms vy, (7 € perm(!)) of M} and Claim
5 gives aut(M3, {Ii.} U (I3 — I2)). Of course, the family of automorphisms vy,
(7 € perm(n)) of M| is not uniquely determined, but any choice of this family
Serves our purpose.

We begin a new phase of the proof. (M4,{¥,}) is obtained from (M1, {Is}) by
stretching I¥ — I, to I3 — I, and we have found a way to construct (M3, {I-})
given (M1, {Ii}). We now use this method to stretch It — I;; to an arbitrarily
large set.

Let (M3, {I))>}) be denoted N,. Let the automorphisms vy, (7 € perm(n)) be
given and also the maps a (w,|w|) (w C 1,

w | = n). For each k > [ we construct
a homogeneous extension Ni of N; as follows. For all w C k with |[w|=n and
w C | choose pairwise disjoint sets A(w) all disjoint from N; such that
|A(w)|=|A(w|)|. For each such w fix arbitrarily a bijection a(w,|w|):
Aw)>A(w|) and let a(|w|,w)=a(w,|w|)". Now a(w,|w]|) and
a(|w], w) have been defined for all w C k with |w| = n. Define 8(w,|w|) and
B(|w|,w) as before. Let Ni have universe U{A (w): w C k, |w|= n}. For each
7 € perm(k) define vy, € perm(N,) by

Y= lAW)=(a(|w], 7(w)v.a(w[w)A(w)

where p € perm(n) is defined from w and = as before. We can suppose that
v. | A(w) is the identity whenever o [ w is the identity, because vy, can be taken
to be the identity when ¢ is the identity on n. Let G C perm(N;) consist of all
a € perm(Ni) such that a(A(w))= A(w) and B(w,|w|)aB(|w|,w) has an
extension in aut(M}) for all w C k with |w|=n. Then G is clearly a group.
Define N, as a structure by letting aut(N;) be the subgroup of perm(Ny)
generated by G and the vy, (7 € perm(k)).

CLamm 6. G <taut(Ny).

Proor. The key is the identity

) Yo HAW)U Adw)) = B(lw |, 7(w)v.B(w,|w])

which holds for all = € perm(k) and w C k with |w|= n. Here p € perm(n) is
defined exactly as before. That is, o:w—|w]| and 7:7(w)—|w| are the
unique strictly increasing functions, pl|w|=(rme )I|w|, and p(i)=1i if
|w| =i < n. The proof of () is the same as before when we were constructing
the vy, (7 € perm(n)).
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Let 7 Eperm(k) and 8 € G. It is sufficient to show that y.'8y. € G. Let
w Ck and |w|= n. By definition of G it is enough to show that

E=B(w|w|)y: 6v-B(Iw]|, w)

has an extension in aut(M}). Substituting for y. by (*) and cancelling on the
outside we obtain

E=7v,'Bla(w),|whap(w], 7(w) (v A(w)U Ac|w])).

Now B(m(w),|w[)88(Iw|,m(w)) has an extension in aut(M1) since 6 € G.
Therefore ¢ has an extension in aut(M:) and we are done.

CuaM 7. If o, 7 € perm(k) then (v,») v.v- € G.

PrOOF. Let w C k and |w|=j = n. From (*) there are automorphisms 7, & ¢
in {y, : p €Eperm(n)} such that

Y= [(A(W)U An(w)) = B(j, m(w))nB(w, ),

Yo [(A(m (W)U Almr(w))) = B, om(w))EB(m(w), j),

You [ (A(W)U Ao(w)) = B(, o (w)){B(W. ).
Hence

(You ) ¥o¥e T(A (W)U Ao(w)) = B(j, w)¢ ™ EnB (W, ).
It follows that

BW, ) (Yo ) Yo¥-B U, w) C { ' én € aut(M)).

By definition of G this is enough.

From Claim 7, v, (w € perm(k)) are a system of representatives for the cosets
of G in aut(N,) and (v, /G)+ 7 (7 € perm(k)) is an isomorphism of aut(N. )/ G
onto perm{k).

CLamm 8. Every a € aut(N,) has an extension B € aut(Ny).

ProOE. Let a € aut(N,). Since N; =(M5,{I;:}), @ induces a permutation of
I% and a(li;)=Ij,. Let w €perm(l) be the unique permutation such that
& (bnwy2) = bo> (i <1). Then y,a € aut(N,) and y.a(A(w))=A(w) forall w C!
with |w|=n. Let o €perm(k) extend 7. Then v, D y. by inspection of the
definitions. If y,a C B €aut(Ni) then a C(v,) B Eaut(Ny). Thus we can
assume that a(A(w))= A(w) for all w C ! with |w|=n.
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For j=n and u C k with [u|=n define
AwHN=U{AWw):wCu& |w|=j}
and for any o :u—k with o1

B (u,o(u))=Bu,o(u)l Au. j).

By induction on j for j = n we define vy; € perm(A (k,j)) such that

(i) vw=alA(D)and y, Dy (j>0),

(i) v (A(w))=A(w) for all w Ck with |w|=],

(i) vy fA(W)=aA(w) for all w C! with |w]|=],

(iv) B, (u.|u|)yB,(Jul,u) has an extension in aut(M3) for all u C k with
lul=n.

Induction step. Suppose j >0 and that we have v, _; satisfying (i}-(iv). By (iv)
for any w C k with |w| = there exists 8, € aut(M3) such that

B, |w )y B(|wl, w)C b

Let
Y T AW)=(a(|w], w)dua(w.|w| )T A(w).

For the rest v, is defined by vy, D ¥,-i. Note that it w C/ and |w|=j we have
Yi-i 1 A(w,j—1)C a, whence

Bi(w, | w Dy Bia(|wl,w)C B(w.[w)aB(|w],w).

In this case we take 8, € aut(M?) extending 8(w,|w |)aB(w|, w). This ensures
that y, | A(w)=a [ A(w). It is clear that v, satisfies (i}-(ii1). To verify (iv) we use
exactly the same technique as was used in the definition of the maps a(w, o(w))
for wCl |w|=n o:w—1 and ¢ 1. We omit the details.

Let B=v. Then B&perm(N:) and B(A(w))=A(w). From (iv)
B(u,|u])BB(lul, u) has an extension & € aut(M?) for all u C k with |u|=n.
We can choose 7 € perm(/) such that 7 | |u| is the identity and y.& (I1.) = I ..
Then v,£ and & agree on A(lu|)U Ao(Jul), and v.& (Mi)=M;. Hence
B(u.|u)BB(|u|.u) has an extension in aut(Mi). Thus B € G. Since a C B we
are done.

CLamM 9. N, is a homogeneous extension of Ni.

Proor. Let 8 €aut(N,) and 7 € perm(k) be the one such that B(A(w)) =
A(m(w)) for all wCk with |w|=n Choose o,p €perm(k) such that
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om({0,...,1-1})={0,...,1 =1}, a1 (I N w(])) is the identity, and p = (o) .
Then v,B(N))=N, v.lA(w) is the identity for all wClINnxw(),
YoY-B(A(w))= A(w) for all wC k with |w|= n. Since the y, (7 € perm(k))
are a system of representatives for the cosets of G we have v,v.8 €G.
Comparing Claim 5 and the definition of G we have (v,7,8)] M: € aut(M}).
Also from the definitions vy, | M5 = v,,,. Hence

(YoB) I M2 = (o) ((%7.8) | M5) € aut(M?).

Let a = (y.B8) M:. Since a(mg)=B(M{)= M, a €aut(N,). Also, if wCl,
m(w)Cl, and |w|=n, then y, | A(w(w)) is the identity. Thus a | A(w)=
BTA(w)if wCl m(w)CI and |w|=n. Hence @ € aut(N,) and agrees with 8
on N, N B7'(N). Together with Claim 8 this is sufficient.

Since a(M') = m and every m-tuple of N; is conjugate to one of N, we have a
canonical way of extending the interpretation of L on N, (which is given since
N, = (M5,{I;;})) to Ni. Thus the notation Ni [ L is unequivocal.

Cramv 10. Let M € P(L) be w-stable, I be a nice indiscernible set attached to
M, |I|=1+k =2l and M be obtained from M} by stretching I to I There is an
isomorphism & from M onto N | L which is the identity on M:.

Proof. Let I, I, C I correspond to I, 3. Let bo,. .., bx-: be an enumera-
tion of I—1I, such that b, corresponds to b,; for each i <l For w C k with
[w|=n let A(w) be defined as above for Ni. In M define

A'w)y={aeM:{b:iewiCcd'(a)CLU{b i Ew}}
Of course A'(w)=A(w)if wC I Let
Aiw)=U{A'w):ugw} (wCk|w|=n),
Aiw,0)=U{A"@w):uCuolul=|v

u#wh (wCoCklvlsh.
The following are analogues of Claims 1 and 2.
SuBcLAIM 1. Every a € aut(M!) has an extension in aut(M).
SuBcLaM 2. If w Co C k and |v|=1 then

auty (A'(w), Aj(w)) = auty (A'(w), Ai(w, v)).

Subclaim 1 is clear from 3.4 since M3 is a full substructure. By symmetry it is
enough to establish Subclaim 2 for the case v C I But this case holds because we
can confine attention to automorphisms of M which restrict to automorphisms of
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N; — this comes from the niceness of I — and then the conclusion is immediate
from Claim 2.
Returning to the proof of Claim 10 we construct a family

a'(w,o(w)):A'(w)> A'(c(w)) (wCk|w|=no:w—okando 1)
of bijections such that for all such w and o
a'(wa(w))=a'(c(w)|wl|) a'(w,|w])
and for all v C k with |v|=1/, and o :v— k with ¢ 1
B'(v,o(w))=Ula'(u,0(u)): u Cv,|u|=n}

can be extended to an automorphism of M. If w C [, set a'(w,|w|) = a(w,|w]).
The rest of the construction is like that of a(w, o(w)) for Mi We omit the
details.

The desired isomorphism from M onto Ny [ L is
y=Ula(|w],w)a'(w,|w]):wCk|w|=n}

If not, since the relation symbols of L have arity =< m there exists w C k such
that [w|=1 and the isomorphism fails on B ={A(u):u Cw,|u|=n}. Let
o:w—land o 1, and 7 € perm(k) extend o. Then for u C w with |u|<n we
have

yIA@)=a(lul, u)a'(ulul)
=a(o(),wa(|ul,o@)e'(g),|ul)a'(u,(u))
=a(o(u), u)a'(u, o(u))

=(¥=) B W, NI Au).

Thus y and (y.)"'B'(w, ) agree on B. But (y.) '8'(w, 1) is an L-isomorphism,
because B(w,[) has an extension in aut(N,) and B'(w,[) has an extension in
aut(M). This completes the proof of the claim.

Looking at the construction of N, we see that N;, Ni.4, ... can be constructed
so as to form a chain, i.e. so thatif ] =j <k and u, v C j with |u|=|v|=n, then
A(u), a(u,v), and B(u, v) will have the same meaning in N, as in N;. Also, if
uCj, m€perm(j), c Eperm(k), and wlu = o lu, then y. [ A(u)=1v, | A(u).
Henceforth we assume that N;, N,.;,... have been so constructed.

Let M, denote N, [ L. Then M;, M,.,, ... is an ascending chain of L-structures.
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We recall some notation from our proof plan. From its behaviour in M} we know
that (xo,x;) defines Ei € €(Mi X M,). Let I denote (M, X M;)/E.. For
| =j <k let I, denote the range of the canonical embedding of I, into I.. Let J,
be the image of I;» under the canonical embedding of I3 = into I.. From
Claim 8, J, is indiscernible in N¥. Also J. is defined by y.

CLam 11. Let I=j=k, a€aut(M;), and «(J;)=J,. There exists
B € aut(Ny) such that B D a.

PrOOF. Let a satisfy the hypothesis and « € perm(j) be the unique one such
that a(A(w))= A (m(w)) for all w C j with |w | = n. Let o € perm(k) extend .
Then v» C Y., (=) (@(A(w))=A(w) for all wCj with |w|=n, (y.) '@ €
aut(M;) and (y.)'a(J;)=J;. Thus it is sufficient to prove (y.) '@ has an
extension in aut(Ny), i.e. we can assume a(A(w))= A(w) for all w Cj with
|w|=n.

Since N;=(M4{li;}) and L =L(M;), a]M;€Eaut(N,). Hence a M}
has an extension in aut(Ni) by Claim 8. Therefore if w Cl and |w|=n,
al(A(w)U Ay(w)) has an extension in aut(Ni). Since the indiscernibility of
I, —J, in N7% is witnessed by the y. (7 Eperm(j)) which extend to automor-
phisms of Ni, a [ (A(w)U Ayw)) has an extension in aut(N; ) for all w C j with
|w| = n. For the rest we follow the same line as in the proof of Claim 8.

Claim 11 will be used later when we show that any « € aut(M;) has an
extension B8 € aut{M,) whenever | = j = k. For the next claim we require only
the weak version of Claim 11 represented by Claim 8.

CLaM 12, If 1 =k = w then Ny, Mi € C and both are w-stable.

PrOOF. Since M, is a reduct of N it is sufficient to prove that N, € C and
that N, is w-stable. Since M' € H so is N, = (M5,{I},}). From Claim 8 every
o € aut(N;) extends to B € aut(N,) and from Claim 9, N, is a homogeneous
extension of N,. In the course of the proof we shall often use these facts without
explicit mention. In particular, note that 0-definable equivalence relations on N
extend to N, that indiscernibility and strong indiscernibility lift from N, to N,
and that cI'(A) and scl'(A) for A, I C N% are the same with respect to N,. By
scl' we mean the same as cl' but with strong indiscernibility instead of
indiscernibility.

First we show that N, is N,-categorical. For proof by contradiction censider
the least i < w such that infinitely many (i + 1)-types are realized in Ni. There
exist o, ..., a—; in Ni such that infinitely many 1-types over A ={ao,..., a1}
are realized in Ni. Let q; € A(w;), j <i, and w C k satisfy |w|=n and either
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wnNU{w, :j<i}=Cork =wuUU{w,:j<i}. Using the v, (7 € perm(k)) we
see that a l-type over A realized in N, is realized in A(u) for some
u CwUU{w, :j<i}. We can fix u C k with |u| = n such that infinitely many
1-types over {ao, ..., a1} are realized in A (u). Further we can assume u C [ so
that A (u)C N,. Since N, € H only a finite number of 1-types over J are realized
in A(u).

Let E* € €(M') be defined by

E” = {{co, ey e (M’): : cl'({c(,}) = cl'({cl})},

The L-formula v(x,, x;) defining E* defines E¥ € €(N,) and A (u) is the union
of a finite number of E”-classes which are also E}-classes. Let C C A(u) be
minimal with respect to the properties: C is an equivalence class of a 0-definable
equivalence relation, and infinitely many 1-types over A are realized in C. Note
that C is transitive by its minimality.

By 9.2, attached to N, and thus also to N, is a {C}-definable set B =
IbU---UIL_ such that I, ..., I,_, are infinite and strongly mutually indiscern-
ible over {C} in N, and acl{a})NB# J for all a € C.

Case 1. cl’(A) exists in N,, i.e. there exists a least D C B such that
[D|<Ngand I,—D,..., I,-;— D are mutually indiscernible over D U A in N,.
In N, and hence also in N, C is partitioned into a finite number of 1-types over
D. Let P be one of these 1-types such that over A infinitely many 1-types are
realized in P. Let

E" ={(co, ey € C:cl”({co}) = cl® e )}

and E;=E"N P’ Since D =cl®’(A), every 1-type over A realized in one
E-class is approximated as closely as we like in any other E;-class. Hence in
every Ep-class infinitely many 1-types over A are realized. Thus in some
E"-class the same is true. However, since B is {C}-definable each E “-class is an
equivalence class of a member of Z(N;). This contradicts the choice of C and so
finishes this case.

Case 2. Otherwise. This breaks up into a number of subcases which we shall
not treat in detail. Let

H={rcperm(l,U---UL.):w()=1 forall j <h}.

Each 7 € H can be extended to a, € aut(N,) and hence to B, € aut(Ni). From
the nonexistence of c1?(A) in Ny it follows that |{8.(A): 7 € H}| = 2" which
contradicts | N, | = Nq.
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To give the flavour of the rest of the argument we treat the subcase in which
cl*(A) does not exist. If Ho = auty, (I, A) has infinitely many orbits we see at
once that |{8,. (A): m € H}| =2"%. By naming a finite number of elements of I, if
necessary we reduce to the case in which H is transitive. Now H, is not dense in
perm(ly), i.e. some finite one-to-one map o C I has no extension in Hy, since
cl°(A) does not exist. The contradiction now comes from the fact that any
nondense transitive subgroup of perm(w) has 2™ conjugates.

We now turn to the proof of w-stability. From [12, III, 5.17] it is sufficient to
prove that N is superstable since we already have Ny-categoricity. Call definable
A C N, unsuperstable in N, if there are A, C Ni (7 € “w) such that

(i) for i <w, the sets A, with I(n)=1i are uniformly definable in N,

(i) if & 7 € “w and ¢ Cn, then A, D A,

(iil) if n € “w and EC{£{ € “w : £Z 1 and nZ £}, then

ANA,ZU{A, :£€E)

Since N is Ni-categorical, taking A = N, we have a condition equivalent to the
usual definition of the unsuperstability of Ni. If A = U{A,:j<i} is a finite
union of definable sets of N, and A is unsuperstable in Ni, so is A; for some
j<i

Towards a contradiction let N be unsuperstable. We assume k < w because
the same kind of argument can also be used to eliminate the case k = w. Then
A(u) is unsuperstable for some u C k with |u|=n, and as before we can
suppose u C I so that A(u)C N;. Let C C A(u) be minimal with respect to the
properties: C is an equivalence class of a 0-definable equivalence relation, and C
is unsuperstable in Ni. Note that C is transitive.

Let B =1,U---UI,_, be a {C}-definable set attached to N, having the same
relation to C as before. By Case 2 of the argument for N-categoricity cl”(A)
exists in N, for every finite A C Ni. Let D C B be a maximal set such that
Cp ={a € C:D Ccl®({a})} is unsuperstable in Ni. Let

E"={(co, c) € C*: 1’ ({co}) = o1 (e}

and Ep=E" N Ch.Let{A, : 1 € “w} be a family witnessing the unsuperstabil-
ity of Cp.

Case 1. There exist i <w, n €°i, and A" C N, such that
(i) |JA"|<N, and A; is A”'-definable in N, for all £ €='i, and
(ii) for every Ep-class C" such that for all a € C”,

c®{ah)-D)Nc*(A"UD)=Q,



Vol. 49, 1984 COUNTABLE STABLE STRUCTURES 141

we have
A, NC CU{A,: £ € £ 7).
Then since the Ep-classes cover Cp we have
(A, NCo)—U{A;: £ €7, ¢Z 0} C U{Coupy: b EcI®(AT U D)~ D}.

But the set on the left is unsuperstable in N, whence Cpsy 1s unsuperstable for
some b € cl”(A" U D)— D. This contradicts the choice of D finishing Case 1.

Case 2. Otherwise. With every Ep-class C* is associated a finite set
B(C"YC B—D such that ci?({a}))=D UB(C") for all a € C". Since C is
transitive, |B(C")| is the same for all C*"€ Cp/Ep. Two Ep-classes are
conjugate over D U{l,,..., L.} if |[B(Co)NI)|=|B(C)N | for all i <h.

Call € ={Cs,...,C...}C Co/Ep an independent set of representatives if

(i) every conjugacy class of-E -classes over D U{l,..., I,_.} is represented
exactly once in €, and

(i) B(CHONB(C )= for all i <j<e.

Note that any two independent sets of representatives are conjugate over
{C}U D. The failure of Case | says that for every i < w, if A™ C N, is a finite set
containing all the parameters needed to define the sets A, (¢ €='i) and € is an
independent set of representatives with

U{B(C":CTeg}nc®(A"UD)=0,
then for all n €
A, NUEZ{A £ €™ éZ m).

By the compactness theorem, if € is an independent set of representatives then
U € is unsuperstable in Ni.. Hence some E j-class C* is unsuperstable.
Therefore some E”-class is unsuperstable. This contradicts the choice of C and
completes the proof of the claim.

Recall the definition of I from just before Claim 11.
Ciamm 13. I is a nice indiscernible set attached to M, and i(L)= n.

ProofF. From Claim 8 every a € aut(/NV;) has an extension B8 € aut(N,). If
a € M}, cl"({a}) exists in N; and so cl’*({a}) exists in N,. Since every a € N; is
conjugate in N, to some a’' € M}, cl’*({a}) exists for every a € N,. Let M
denote the L-substructure of Ni., whose universe is

{a € Newi i el ({a}) =T}
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Note that My is O-definable in Ni,,. Let It C (M)* be the set defined by . The
canonical embedding 7 : Iy — L.; — Ji.s is a bijection. Since a | Mx € aut(My)
for all o € aut(Ne.,), 7(cl’{{a})) exists for all a € M} and

7(clys {a) C ety eoi{al).

In fact we have equality because if not the inclusion would be proper when
k =0, contradiction. By construction of Ny, Ix.; — Ji+; is a nice indiscernible
set attached to Ni.,. Since cl‘:}; corresponds to cl;k,kj:’“', I is a nice indiscernible
set attached to Mx.

Let I5C I' be chosen such that I5C I and | I;]| = 31 Let M} be the homogene-
ous substructure of M’ with universe {a € M':cl"({a})C Ii}. Let I% and I}
(i < 3) be defined by analogy with I3 and I; (i <2). By Claim 10 we can suppose
that Ny [ L = M3, By Claim 11 with j=k =2[ it then follows that N =
(M}, I;5). Also M| is the homogeneous substructure of M)} with universe
{a eMi:d"{a)) T Ii— I} If a €aut(M7) then there exists 8 D a such that
B € aut(M}), and clearly we must have B(I4s) = Ii;. Thus each o € aut(M,)
extends to Ny and hence to Ni., by Claim 11. Hence each @ € aut(M/) extends
to B €aut(M;) for all k =1

Let I, denote the range of the canonical embedding of I7 into Ii. Then

Mi={a eM;: ' "{a)C 1}

Hence M7 is the universe of a homogeneous substructure of My and since
automorphisms of M7 extend to M, M7 is a homogeneous substructure.
Therefore M| is obtained from My by shrinking Ix to I;.

Since | I} 3] = | I% — Is| = 21 there exists a € aut(M}) such that a(M3)= M.
Thus M} and M7 are isomorphic by an automorphism which matches I and I,
It now follows by Claim 10 that there is an isomorphism of My onto Ny [ L =
M,. Hence I, is a nice indiscernible set attached to M. because Iy is a nice
indiscernible set attached to M.. We have i(L.)=n, because i(I;)=n by
inspection of Ni.,.

Ciamm 14, Ifl=j <k, then
M, ={a € M, :clfy ({a}) C L}
Proor. Left to the reader.
CLamM 15. If I =j <k, then every a €aut(M,) extends to B € aut(M,).

ProoF. From Claim 14 every permutation of I; is induced by some y &€
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aut(M, ) such that y(M;) = M;. From Claim 11 if a € aut(M,) and «(J;) = J; then
o extends to 8 € aut(M, ). Therefore if a € aut(M,;) and « fixes any subset of I;
of power [ then a extends to B €aut(M.). But every o €aut(M,) can be
expressed as the product of automorphisms each fixing at least [ elements of I,
so the desired conclusion follows.

At last we are ready to finish. From Claims 14 and 15 for [=j <k, M, is a
homogeneous substructure of M, and is obtained from M, by shrinking I to I,
From Claim 10 there is an isomorphism between M’ and M-, which is the
identity on M. So we can identify M’ with M;;-,. Let N € P(L) be an «w-stable
structure with a nice indiscernible set J attached to it such that |J| =k =|I’| and
N is obtained from M’ by stretching I’ to J. Then N is obtained from M: by
stretching I'% to J. From Claim 10 there is an isomorphism £ from N onto M;,.
For some 7 €perm(k —1) we have v,£(M')=M'. By Claim 15, (v.£)I M’
extends to B € aut(M, ;). Thus B8 'y,¢ is an isomorphism of N onto M, _; which
is the identity on M’. This completes the proof of the lemma

QuestioN 134. Is M, € H(L) for all k= 1?
QuesTioN 13.5. Is My €H for all k= 1{?

QUESTION 13.6. Can there exist a non-w-stable structure M € P(L) and a
nice indiscernible set I attached to M such that M is obtained from M’ by
stretching I" to I?

14. Stretching a structure

In §12 we described a method of shrinking structures. Here we shall show that
under certain conditions the shrinking process is uniquely reversible. Our best
result in this direction is as follows. L.et M, N € H(L) and N be obtained by
shrinking M. Let

m =inf{i : (A € DM))[dn(P) =i < du ()]}

If m is sufficiently large compared with (L) and r(N), then the isomorphism
type of M over N is uniquely determined by (N, du). We have to work up to this
in easy stages.

In the sequel from §13 we require only the uniqueness part of 13.3 which is
essentially Claim 10 of the proof of 13.3. (The proof of 13.3 could have been
written so that M’ appeared instead of M, in Claim 10 if we had been satisfied to
leave the matter there.) The uniqueness is conveniently stated as follows.
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LEMMA 14.1. Let L be a finite relational language, M',M, € H(L), ¢ €
W(MYN (M) (j <2), du(§) < du(¥h) = dm (), i) = ine () = ine(¥), and
M'= M, (¢, du(¥)) (j <2). If i () - max{a (M), 8} = du-(¥)/3 < w, then there is
an isomorphism £ : My— M, with M' C fix(¢).

PrOOF. In 13.3 let k = dum () = dm, () and M be as in the conclusion. Then
M; has the same isomorphism type over M' as M (j <2). Therefore M, and M,
have the same isomorphism type over M'.

The next step is to show thatif M'€ H(L), € F(M'), | #| < », and d (%) is
large enough compared with [(L), r(M’), and | % |, then there is at most one way
of “stretching” % while keeping the structure homogeneous for the same finite
relational language.

LEMMA 14.2. Let L be a finite relational language, M'.M, € H(L), ¢ €
DM YNDM,) (j <2), m < duf(d)= du(d), and M'= M;(d, m) (j <2). Let
F € F(M') be associated with ¢. If m is sufficiently large compared with I(L),
r(M"), and |%|, then there is an isomorphism ¢ : My— M, with M’ C fix(¢).

PrROOF. From 12.2, I(M;)=I(M') and r(M;)=r(M') (j <2). Let F € F(M,)
be associated with ¢ (j <2). Let N'=(M', %) and N, =(M;, %) (j <2). From
52, NNN,€H (j <2) and I(N'), r(N"), I(N,), r(N,)) are bounded in terms of
I(L), r(M’) and | #|. From 12.3 (ii) the canonical embedding of ¥ into %, is a
bijection. Looking at automorphisms it is easy to see that N’ is a homogeneous
substructure of N; (j <2). Also for all a € N’

cdir(a)) = Ulcv{a)); I € F}

and similarly for %;, M,, and N, instead of %, M', and N’ respectively.

If m is sufficiently large compared with [(N;) then [(N') = I(N,). Thus we may
suppose that N’, Ny, N, are all homogeneous for the same finite relational
language L™ extending L.

Let I, ..., I._, be an enumeration of %. For i <e, I is a nice indiscernible set
attached to N'. Let ¢, be the nice formula for N' associated with I. For j <2
define sequences (N}, : i < e) of structures in H(L ") as follows. Let N, = N; and,
for i <e, let N1 = N;; (s, m). More precisely let N;;., be the homogeneous
substructure of N;; whose universe is

{a €N, rely (a) C L),

where I;; C N;; is the indiscernible set defined by s and I; is the range of the
canonical embedding of I onto I,.
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From the general properties of shrinking developed in §12, since m is large
compared with [(N,) the inductive definition just given is sound. Moreover
N;. = N’ (j <2). We have bounded the language L ", whence i(I) is bounded for
any O-definable indiscernible set I attached to a structure in H(L"). From 12.3
(vi) for all i, k <e and j <2

in () = i, (Y1) = i ().
By 12.3 (iil) and (v) for all i <e and j <2

dn,,. ()= m <dx, (i) = du, ().

By hypothesis dy (@) = du(P).

By backwards induction on i using 14.1 for the induction step we see that for
all i = e there is an isomorphism & : Ny, — Ny, with N'C fix(&). Letting i =0
we have an isomorphism £ : Ny— N, with N’ Cfix(¢§).

We now prove the main result of the section.

THEOREM 14.3. Let L be a finite relation language, MMM'€ H(L), ¢ €
OM)NDPM"), m <du(d), and M'=M(p.m). If m is sufficiently large
compared with [(L) and r(M'), then the isomorphism type of M over M’ is
uniquely determined by (M', &, dun ().

Proor. For j <2 let M, satisfy the hypothesis about M for the same ¢ and
m, where m 1s large compared with /(L) and r(M"). It is sufficient to prove that
there is an isomorphism & of M, onto M, with M’ C fix(¢).

For k <w and N € H(L) let ®*(N) denote {¢ € B(N):dn(¢)= k}. From
11.3 given L we can compute k such that for any N € H(L) the restriction
=y | ®*(N) is transitive and

(Enx N =)D (N) = =5 [D*(N).

Fix such k and let (¢, :i <n) be a sequence of representatives of all the
~u~equivalence classes in ®“(M’) ordered so that ¢, <. ¢, implies j < i. Since
m is large and ¢ € ®™(M") we can suppose that ¢, = ¢ for some e < n. From
12.2 and 12.3, {¢; : i < n) bears the same relation to M,, M, as it does to M': for
J<2,{¢::i<n)is a sequence of representatives of all the =, -equivalence
classes in ®“(M;) ordered so that ¢, <.- ¢, implies j <i. Also, for i <n and
i# e, du ()= du(d:) (j <2). From 12.2 (iii), r(M,)=r(M’) since m is large
compared with /(L) and r(M").

The idea of the proof is as follows. We define sequences (M;; :0=i=e +1)
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(j <2) in H(L) by induction on i. We let M;o = M, and M;,.: be either M;; or
M, (i, m,) for certain m; < w. By choosing m. = m we ensure that Mo, =
M, .... By choosing mo,..., m.., suitably we can apply 14.2 to extend an
isomorphism between Mg;.; and M, ,.; to one between M,; and M,;. Having
once got an isomorphism between Mo = My and M, = M, it is easy to find one
which is the identity on M'. To ease notation, if s = dy (¥) < o, then we allow
N, s) as another notation for N. With this convention M,,.; has the form
M, (i, mi), with m; = du, () and m; < w, for all i =e and j <2.

To see that My ., = M, ., recall from 12.5 that if the order in which one-step
shrinkings are performed is changed then the resulting model is unchanged
provided the target dimensions are large enough compared with I(L). In the
present case if M, is first shrunk with respect to ¢. = ¢ then My, =M, =M’
after the first step and of course the equality persists.

Now we consider how to choose m, ..., m... Let G : o’ — w be an increasing
function such that m is large enough in 14.2 if m = G(I(L), r(M'),| #|). From
11.6, if %, € F(M,,) is associated with ¢, then | %, | is bounded in terms of
(L), r(M")=r(M,;;), and max{m,:h <i}. Here we are assuming that, if
m; # du,, (¢:), then m, is chosen large enough compared with /(L) and r(M') =
r(M;) so that by 12.2

D(M;;)=PM’), =um,==mn, =w, =Z=w, rM.)=r(M),
and by 12.3
m; if =u o,

du,,. (P) = {
dm, () otherwise.

We should note by induction on h that

du,($) = du(d)  (h=),

whence there is no conflict between M,; and M,; when we come to choose m.

Suppose my, . . ., m,_, have been chosen where i <e. If there is a possible value
for m; < du(b;), “‘possible” with regard to the need for the consequences of 12.2
and 12.3 just mentioned to hold, such that

m, = G(I(L), r(M"), max(| Fo. |,| Fi.])),

then let m; have the least such value. Otherwise let m, = du(¢) so that
M;,., = M,,. Notice that e < n is bounded in terms of [(L). Thus the m, fori <e
are bounded uniformly in terms of I(L) and r(M’). Thus if m is large enough
compared with /(L) and r(M’), we have
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m. =m = G(L),r(M"), max(| Fo. |,| F .. |))

and also the desired consequences of 12.2 and 12.3 mentioned above for the case
i=e

By backwards induction on i using 14.2 in the induction step we have
M,., = M,, for all i =e. Hence M, = M,. By 12.1 (ii) M, and M, are prime over
M’ and so there is an isomorphism ¢ of M, onto M, with M'Cfix(£). This
completes the proof of the theorem.

CoroLLARY 14.4. Let L be a finite relational language, M, N € H(L ), and N
be obtained by shrinking M. Let

m =inf{i : (3¢ EDM))[dn () =i < du(P)]}.

If m is sufficiently large compared with [(L) and r(N), then the isomorphism type
of M over N is uniquely determined by (N, du).

ProoF. By iteration of 14.3.

15. Conclusion

In this section we shall prove the weak versions of Conjectures 0.2, 0.3
mentioned in the Introduction. Recall that H(L, r) denotes {M € H(L): r(M)=
r}. The weak form of 0.2 is

THEOREM 15.1. Let L be a finite relational language and r < w. There exists
s < w such that for every M € H(L, r) there exists M' € H(L, r) such that |M'| = s
and either M' = M, or

(i) M’ is obtained from M by a smooth shrinking, and

(1) if N€ H(L), dv = du, and M’ is obtained by shrinking N, then there is an
isomorphism « : M — N such that M' C fix(a).

ProoF. Choose the least m < w such that

(a) m is large enough compared with /(L) and r for the truth of 144
whenever M, NE H(L) and r(N)=r,

(b) any shrinking of M € H(L ) for which all the target dimensions are = m is
smooth (see 12.6 (ii)),

() =m P" (M) is transitive and

(EnNzy)O" (M) ==y [DP™(M)
(see 11.3 (i) and (ii)).
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Let M € H(L, r)be given. Obtain M’ € H(L, r) by shrinking M, with one step
for each equivalence class in ®""'(M), with target dimension m so that
dv () = min(m, du (¢)) for all ¢ € D(M')= d(M). By (b) M' is obtained from
M by a smooth shrinking. By (a) and 14.4, (ii) of the conclusion holds.

It remains to show that | M’| can be bounded in terms of L and r. For a € M’
let

B = U{clt ({a}): ¢ € P™(M)}.

Then | B| is bounded in terms of /(L). By 11.5 the number of conjugates of a
over B is bounded in terms of /(L) and r. Thus it is sufficient to bound | U Z | for
each ¥ € F"(M'). By construction of M', d(%)=m for all $ € F"(M"). By
11.6 | #| can be bounded in terms of [(L), r(M’), and m, whence | #| can be
bounded in terms of /(L) and r. Since |U F|=|F|- d(F)=m -|F|,|U F|is
bounded in terms of I(L) and r. This completes the proof.

Intuitively, 15.1 says that every M € H(L, r) can be ““collapsed” to a structure
M’ isomorphic to one in a fixed finite subclass of H(L, r) such that M can be
recovered from M’ and the dimensions of M.

Before considering Conjecture 0.3 we prove a lemma we shall need which is of
some interest in its own right.

LEMMA 15.2. Let L be a finite relational language. Let'M, EH(L), ¢ €
O(M..), mi<du,(d:), and M, =M (¢d;,m:) for all i<w. Then M=
U{M, :i <w}€ H(L). Further, if the passage from M., to M, is a normal
one-step shrinking for all i < w, then M, can be obtained by shrinking M.

Proof. It is clear that M is homogeneous for L. Thus to show that
M € H(L) it is sufficient to show that M is stable.

If ¢: = ¢, and i <j, then m; < m,. Therefore lim;_., m; = 8o. From 12.2 there
exists j such that [(M)=[(M,), ®(M;) = ®(M;), =u, = =u, =u, = =u,, and
limy—., du, (¢b:) = No for all i = j. From 12.3 (vi) we can suppose that if i = j and
F., .. belonging to F(M,), F(M..,) respectively are associated with ¢ €
®(M,), then ci¥, ({a}) is the image of cI%({a}) under the canonical embedding of
U % into U %, for all a EM..

From 12.1 (iv) every automorphism of M, extends to an automorphism of
M.... Therefore every automorphism of M; extends to an automorphism of M.
With each ¢ € ®(M,) we can associate in an obvious way a pre-nice family ¥
attached to M. For all i =j and a €M, cl”({a}) exists and is the image of
cI®({a}) under the canonical embedding of U %, into U Z. Let ®*(M) denote
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the set of all ¢ € D(M,) such that du(P)=1lim_.du (d)=N8. Let F*(M)
denote the set of pre-nice families attached to M associated with pairs in ®@*(M).
By choice of j, ¢ € ®*(M) for all i = j. Let =7 denote the restriction of =y, to
®*(M) and =~}; the restriction of =~,,. Let = and =" be the images of =% and
~%, under the natural bijection of ®*(M) onto F*(M). It is easy to see that =% is
transitive, =* N =* = =" and thatif # 4 € F*(M)then F=" 9% iff cI*({a}) # D
for all a € U %.

For a € M let B(a) denote U{cl*({a}): F € F*(M)}. For a €M, let B;(a)
denote U{cl%({a}): ¢ € D*(M)}. For a €M let C(a) denote the set of
conjugates of a over B(a) in M. For a € M, let C;(a) denote the set of
conjugates of a over B;(a) in M.. By 11.5 C (a) is finite. If i = j and a €M,
then C (a)= C,.:(a) since ¢ € D*(M). Thus, if i=Zj and a EM,, C(a)=
G (a )

Towards a contradiction suppose M is unstable. There exists P € S,(J) such
that P has Cantor-Bendixson rank o in the algebra of definable subsets of M.
Choose ay € M and maximal B C B(ao) such that C, the set of conjugates of a,
over B in M, has CB-rank . Choose % maximal in F*(M) with respect to =*
such that (U %)N (B(a))— B)#@. Choose I €% such that (B(as)— B)N
I1#Q. Then cl*({I})C B for all ¥ € F*(M) by the maximality of % By 11.5
there are only a finite number of conjugates of I over B. Let

CG=laeC:c{a)NI£D}
and
C(b)={a€C :bec’{a})} (b €.

Then C; has CB-rank «, and C;(b) has CB-rank < « for each b € I — B. Since
C; has CB-rank « there exist definable subsets A(n)C M (1 € ““2) such that,
forall m €°“2, A(n)=A(n"(0)UA(n"(1))and A(n)N C:#B. Let D(n)C
M be a finite set chosen such that A(n) is D(n)-definable. Let b, €1~
cl'(B U D(7)). There are two cases:

Case 1. For some 5 €°“2, Ci(b,)NA(n)=. Then A(n)NCi(b)# D
implies b €cl'(BUD(n)). Since C;NA(n) has CB-rank ® and G =
U{C/(b): b €I - B} we see that

U{Ci(b): b EcI'(BU D(n))— B}

has CB-rank «. Hence C;(b) has CB-rank « for some b €cl'(B U D(7))— B,
since a finite union has CB-rank « only if one of the summands has CB-rank c».
This contradicts the choice of B.
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Case 2. Otherwise. Again we see that, if b € I — B, then C;(b) has CB-rank
. Thus again the choice of B is contradicted.
This completes the proof that M € H(L).

We now show that, if M; is obtained from M,.; by a normal one-step shrinking
(i < w), then M, can be obtained by shrinking M. An L -sentence is true in M iff
it is true in M; for all sufficiently large i. By 11.7, ®(M) = ®(M,;) (i < ) since by
hypothesis ®(M,;) = P(M,) (i < w). Choose j such that

m = min{du, (¢): du, (d) < du (), & ED(M)}
is very large compared with I(L). Let
o* = {¢ cEd(M): dM, (9)< dM(¢)}

Let (¢, : i < n) be an enumeration of representatives for the equivalence classes
in ®”/=, ordered such that ¢ =y implies k =i Let ¥ € F(M,) be
associated with ¢ (i <n). Now let {(N;:i <n) be the sequence of structures
obtained by setting No =M and N... = N; (¢, duy, (d:)) (i < n), where the set B
for this one-step shrinking is to be the image of U % under the canonical
embedding of U %, into U ¥, % € F(N,) being associated with ¢;. From 11.5
and the lemmas on shrinking in §12 it is easy to see that N, = M. Thus M; can be
obtained by shrinking M which is clearly sufficient.

We next prove a weak form of Conjecture 0.3. Call M' € H(L) maximal if
there exists no M € H(L) such that M’ can be obtained from M by a normal
one-step shrinking. Let H,. (L) denote the class of maximal members of H(L),
and H, (L,r) denote H, (L)NH(L,r).

THEOREM 15.3. Let L be a finite relational language and r < w.

(i) H.(L,r) contains only a finite number of isomorphism types.

(i) If M EH(L,r)— H,.(L,r), then there exists M € H,.(L,r) such that M’
can be obtained by shrinking M.

ProOF. (i) Towards a contradiction suppose H. (L,r) contains infinitely
many isomorphism types. In 15.1 there are only a finite number of possibilities
for M'. Hence there exists M' € H(L,r) such that there exists Mo, M,,... €
H,. (L, r) pairwise nonisomorphic such that, for each i < w, M’ satisfies the
conclusion of 15.1 when M =M. We can choose i,j < w such that i# j and
dv, = du,. Since Mi#M;, du (@) < dw (¢) for some ¢ € B(M,). Therefore
there exists M obtained by shrinking M; such that dj,=dw, and M’ can be
obtained by shrinking M. Since M; satisfies the conclusion of 15.1, we have
M, = M. Therefore Mi& H..(L, r). This contradiction completes the proof.
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(i) Let Me H(L,r)— H,.(L,r). Choose My& H(L,r) such that M' can be
obtained by shrinking M, and M, has as many of its dimensions infinite as
possible. Let (M, : i < k) with k = » be a maximal sequence in H(L, r) such that
for all i, 0<i <k, M,_; is obtained from M, by a normal one-step shrinking. If
k <w, then M,_,€H,(L,r) and M’ can be obtained by shrinking M,_,. If
k = w, it is clear that M = U{M, : i < w} has rank r since this can be expressed
by an L-sentence. From 15.2, M, and hence M’ can be obtained by shrinking M.
But M has more infinite dimensions than M, contrary to the choice of M,. Thus
k = w is impossible which completes the proof.

It is clear from 15.1 and 15.3 that Conjecture 0.1 implies Conjectures 0.2 and
0.3. Conversely, each of Conjectures 0.2 and 0.3 implies Conjecture 0.1. This is
immediate in the case of 0.3. We now explain why 0.2 implies 0.1. Towards a
contradiction suppose 0.2 holds and 0.1 fails for the finite relational language L.
We can find a finite structure M' € H(L)and M; € H(L) (i < w) such that for all
i < w there is a smooth shrinking of M, to M’', rnk(M;)= i, and if N€ H(L),
dn = dum, and M’ is obtained by shrinking N, then there is an isomorphism
a:M,— N with M'Cfix(a). By thinning the sequence (M, :i < w) we can
suppose that, for all i <, du, = du,., and there exists ¢ € ®(M,) such that

i+1

du, () < du,, (P). Since there is a smooth shrinking of M., to M’ there exists
M obtained by shrinking M., such that dy;= dy», and M’ can be obtained by
shrinking M;. By the choice of M;, M;=M,. Thus we can form a sequence
(N;:i<w)E€ H(L) such that, for each i <w, N; =M, and N, is obtained by
shrinking N,.,. By 15.2, N = U{N : i < w} € H(L). But, since rnk(N,) = i for all
i < w, N is unstable. This contradiction completes the proof that Conjecture 0.2
implies Conjecture 0.1.
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